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ABS TRACT 
Severa l  t u r b u l e n t  and n o n t u r b u l e n t  s o l u t i o n s  o f  t h e  
er-Stokes equa t ions  a r e  o b t a i n e d .  
used n u m e r i c a l l y  i n  c o n j u n c t i o n  w i t h  tools and concepts from 
The unaveraged equa t ions  
i n e a r  dynamics, i n c l u d i n g  t i m e  s e r i e s ,  phase p o r t r a i t s ,  
Po inca rb  s e c t i o n s ,  l a r g e s t  Liapunov exponents,  power s p e c t r a ,  and 
f u l l y  
s u s t a  
s o l  u t  
s t range  a t t r a c t o r s .  
I n i t i a l l y  n e i g h b o r i n g  s o l u t i o n s  for a low-Reynolds-number 
i s  
The 
developed t u r b u l e n c e  a r e  compared. The t u r b u l e n c e  
ned by a nonrandom t ime- independent  e x t e r n a l  f o r c e  
ons, on t h e  average, separa te  e x p o n e n t i a l l y  w i t h  t 
h a v i n g  a p o s i t i v e  Liapunov exponent.  Thus t h e  t u r b u l e n c e  i s  
c h a r a c t e r i z e d  as c h a o t i c .  
I n  a search f o r  s o l u t i o n s  which c o n t r a s t  w i t h  the  t u r b u l e n t  
ones, t h e  Reynolds number (or s t r e n g t h  o f  t h e  f o r c i n g )  i s  reduced. 
Severa l  q u a l i t a t i v e l y  d i f f e r e n t  flows a r e  no ted .  These a r e ,  
r e s p e c t i v e l y ,  f u l l y  c h a o t i c ,  complex p e r i o d i c ,  weakly c h a o t i c ,  s imp le  
p e r i o d i c ,  and f i x e d - p o i n t .  O f  t hese ,  we c l a s s i f y  o n l y  t h e  f u l l y  
c h a o t i c  f:ows as t u r b u l e n t .  Those f l o w s  have b o t h  a p o s i t i v e  
Liapunov exponent and Po inca rk  s e c t i o n s  w i t h o u t  p a t t e r n .  By c o n t r a s t ,  
i 
as genera l  
By us 
cor respond ng averaged or moment equa t ions ,  t u r b u l e n t  s 
a r e  o b t a i n e d  i n  which energy  cascades from l a r g e  t o  sma 
mot ions .  I n  genera l  t h e  s p e c t r a l  energy t r a n s f e r  takes  
t h e  weakly c h a o t i c  f lows, a l t h o u g h  hav ing  p o s i t i v e  Liapunov 
exponents,  have some p a t t e r n  i n  t h e i r  Po inca rk  s e c t i o n s .  
f i x e d - p o i n t  and p e r i o d i c  flows a re  n o n t u r b u l e n t ,  s i n c e  t u r b u l e n c e ,  
The 
y unders tood ,  i s  b o t h  t ime-dependent and a p e r i o d i c .  
ng b o t h  t h e  unaveraged Nav ie r -S tokes  equa t ions ,  and t h e  
l u t i o n s  
l - s c a l e  
p l a c e  
between wavenumber bands t h a t  a r e  c o n s i d e r a b l y  separa ted .  The 
s p e c t r a l  t r a n s f e r  can occu r  e i t h e r  as a r e s u l t  o f  n o n l i n e a r  
t u r b u l e n c e  s e l f - i n t e r a c t i o n  or by  i n t e r a c t i o n  o f  t u r b u l e n c e  w i t h  
mean g r a d i e n t s .  The l a t t e r  appears  t o  be c l o s e l y  r e l a t e d  to  a 
. nonun i fo rm or sudden t u r b u l e n t  m i x i n g  shown t o  occu r  i n  t h e  
presence o f  mean g r a d i e n t s .  
T u r b u l e n t  systems a r e  compared w i t h  those s t u d i e d  i n  k i n e t i c  
t h e o r y .  The two types  o f  systems a r e  f u n d a m e n t a l l y  d i f f e r e n t  
( c o n t i n u o u s  and d i s s i p a t i v e  as opposed t o  d i s c r e t e  and 
c o n s e r v a t i v e ) ,  b u t  t h e r e  a r e  s i m i l a r i t i e s .  For i n s t a n c e ,  b o t h  a r e  
n o n l i n e a r  and show s e n s i t i v e  dependence on i n i t i a l  c o n d i t i o n s .  
t e n s o r s  a r e  i d e n t i c a l  i f  
e n t  s t r e s s  a r e  r e p l a c e d  
Also, t h e  t u r b u  
t h e  macroscopic 
by molecu la r  ve 
e n t  and 
v e l o c i  t 
o c i  t i e s  
mol ecu 
e s  f o r  
a r  s t r e s s  
the  t u r b u  
i i  
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I. INTRODUCTION 
Fluid turbulence is a many-faceted phenomenon. It has been 
characterized as random, nonlinear, multlscaled, dissipative, as 
having a negative velocity-derivative skewness factor, as 
transferring energy (mainly) t o  small-scale motions, as being 
dissipated by small-scale motions, as tending toward isotropy, and 
as having an infinite number of components or degrees of freedom. 
Those descriptions appear in what might now be called the classical 
or statistical theory of t ~ r b u l e n c e . l - ~  That theory is based 
mainly on averaged or moment equations obtained from the 
Navier-Stokes equations. 
The idea of using averaged equations, rather than the 
unaveraged Navier-Stokes equations directly in an analysis, has 
been adopted in the past mainly because it was thought that 
averaged, smoothly varying quantities should be easier to deal with 
than the haphazard motions occurring in the unaveraged equations. 
However because of the nonlinearity o f  the Navier-Stokes equations, 
the averaging process introduces the closure problem (more unknowns 
advantageous as far as getting so 
averaged or moment equations are, 
the physical processes occurring 
than equations),l so that it is not clear that averaging i s  
utions i s  concerned. The 
however, useful for discuss 
n t ~ r b u l e n c e . ~  
1 
2 
I n  r e c e n t  years  t h e r e  have been a t tempts  t o  u t i l i z e  concepts  
from the  t h e o r y  o f  n o n l i n e a r  dynamical  systems i n  t h e  a n a l y s i s  of 
t ~ r b u l e n c e . 5 - ~  There,  i n  c o n t r a s t  t o  t h e  s t a t i s t i c a l  t h e o r y ,  t h e  
emphasis i s  on unaveraged, r a t h e r  than  on averaged e q u a t i o n s .  The 
use o f  unaveraged equa t ions  i n  which t h e  v e l o c i t i e s  v a r y  i n  a 
comp l i ca ted  way i s  made f e a s i b l e  by t h e  advent  o f  h i g h  speed 
computers. By u s i n g  ideas  from n o n l i n e a r  dynamics one m i g h t  (as  
f u r t h e r  ev idence t h a t  t u r b u l e n c e  i s  a many-faceted phenomenon) 
c h a r a c t e r i z e  t u r b u l e n c e  as c h a o t i c ,  as a p e r i o d i c ,  as h a v i n g  
s e n s i t i v e  dependence on i n i t i a l  c o n d i t i o n s ,  as h a v i n g  t i m e  s e r i e s  
w i t h o u t  p a t t e r n ,  as hav ing  a p o s i t i v e  Liapunov exponent,  as h a v i n g  
a phase p o r t r a i t  without p a t t e r n ,  as h a v i n g  Po inca rh  s e c t i o n s  
w i t h o u t  p a t t e r n ,  as l y i n g  on a s t range  or c h a o t i c  a t t r a c t o r ,  and 
as hav ing  con t inuous  t ime  and s p a t i a l  
Bo th  t h e  s t a t i s t i c a l  ( c l a s s i c a l )  
n o n l i n e a r  dynamics t h e o r y  p r o v i d e  Val 
s p e c t r a .  
t h e o r y  and t h e  newer 
d ways o f  look ng a t  
t u r b u l e n c e .  The l a t t e r  f u r n i s h e s  a number o f  new tools f o r  
p r o b i n g  the  n a t u r e  o f  t u r b u l e n c e  ( e . g . ,  L iapunov exponents ,  
Po inca rk  s e c t i o n s ,  e t c . ) .  B u t  as y e t  i t  does n o t  seem t o  p r o v i d e  
a means o f  d i s c u s s i n g  such wel l -known aspec ts  o f  t u r b u l e n c e  as 
s p e c t r a l  and d i r e c t i o n a l  t r a n s f e r  o f  energy .  Those aspec ts  can, 
however, be cons ide red  w i t h i n  t h e  framework o f  c o n v e n t i o n a l  
t u r b u l e n c e  t h e o r y .  
3 
Here we study the nature of Navier-Stokes turbulence; that 
i s ,  we consider the turbulence obtained in solutions of the 
Navier-Stokes equations. In order to obtain as clear a picture as 
possible, use i s  made of concepts both from nonlinear dynamics and 
from the more conventional (statistical) turbulence theory. 
Sensitive dependence o n  initial conditions, strange attractors, 
and spectral transfer between wavenumbers are included. All of 
those are shown t o  occur in turbulence by obtaining and 
interpreting (mainly numerical) solutions of the Navier-Stokes 
equations. 
In order t o  give a sharper characterization o f  turbulence, 
turbulent solutions are contrasted with periodic, quasiperiodic, 
and fixed-point solutions. 
with those considered in the kinetic theory o f  gases. It is shown 
that there is a certain suddenness inherent in turbulent mixing, 
as there is in molecular mixing by collision of gas particles. 
Turbulent systems are also compared 
11. B A S I C  EQUATIONS AND A LONG-TERM TURBULENT SOLUTION 
W I T H  STEADY FORCING 
The incompress ib le  Navier-Stokes equa t ions ,  on which t h e  
p r e s e n t  s tudy  i s  based, a r e  
t o g e t h e r  w i t h  a Po isson e q u a t i o n  for t he  p ressu re  
The s u b s c r i p t s  can have t h e  va lues  1,  2 ,  or 3, and a repea ted  
s u b s c r i p t  i n  a t e r m  i n d i c a t e s  a summation, w i t h  the  s u b s c r i p t  
s u c c e s s i v e l y  t a k i n g  on t h e  va lues  1 ,  2,  and 3.  The q u a n t i t y  U i  
i s  an i ns tan taneous  v e l o c i t y  component, X i  i s  a space c o o r d i n a t e ,  
t i s  t h e  t i m e ,  p i s  t h e  d e n s i t y ,  v i s  t he  k i n e m a t i c  v i s c o s i t y ,  
p i s  t he  i ns tan taneous  p ressu re ,  and F i  i s  a t ime- independent 
f o r c i n g  te rm,  or  e x t e r n a l  f o r c e ,  wh ich  i s  t aken  as some f r a c t i o n  
x o f  t h e  n e g a t i v e  o f  t h e  i n i t i a l  v i scous  te rm a t  t = 0.  That i s ,  
The f r a c t i o n  x c o n t r o l s  the  va lue  o f  the  asympto t i c  Reynolds 
number of t h e  f low. The i n i t i a l  nonrandom U i  i n  Eq. ( 3 )  a r e  
g i v e n  a t  t = 0 by7p8 
. 
4 
5 
U i  = a i  COS q * X  + b i  C O S  rqx + C i  COS S * X ,  ( 4 )  
where 
a i  = k(2,1,1>, b i  = k ( 1 , 2 , 1 ) ,  C i  = k(1.1.2) .  
q i  r: ( - 1 , 1 , 1 ) / ~ 0 ,  r i  = ( 1 , - 1 , 1 ) / ~ 0 ,  S i  = ( 1 , 1 , - 1 ) / ~ 0 ,  ( 5 )  
k i s  a q u a n t i t y  t h a t  f i x e s  t h e  I n i t i a l  Reynolds number a t  t = 0, 
and x o  i s  one o v e r  t h e  magnitude o f  an i n i t i a l  wavenumber 
component. Through Eq. ( 3 > ,  xo i s  a l s o  one o v e r  t h e  magnitude o f  
a wavenumber component o f  t h e  f o r c i n g  te rm F i .  Equat ions ( 4 )  and 
(5) s a t i s f y  c o n t i n u i t y ,  and E q s .  ( 1 )  t o  (3) i n s u r e  t h a t  c o n t i n u i t y  
i s  m a i n t a i n e d .  Moreover E q s .  (3) t o  (5) g i v e  l o c a l  va lues  o f  F i  
which a r e  symmetr ic w i t h  r e s p e c t  t o  90" r o t a t i o n s  and t r a n s l a t i o n s  
o f  2 ~ x 0 .  Then we f i n d  n u m e r i c a l l y  t h a t  
- - -  
2 2 2  u1 u2 - - u3 (6a)  
a t  a l l  t imes ,  where t h e  ove rba rs  i n d i c a t e  va lues  averaged ove r  
space. A f t e r  t h e  I n i t i a l  t r a n s i e n t s  have d i e d  o u t ,  t h e  averages 
may a l s o  be taken ove r  t i m e ,  and t h e  i n e x a c t  e q u a l i t i e s  i n  Eq .  
(6a) become equalities. Equation (6a )  then becomes 
- - -  
2 2 2  u1 = u2 = u3 , (6b) 
where t h e  double b a r s  i n d i c a t e  averages over space and t i m e .  
boundary c o n d i t i o n s  a r e  p e r i o d i c  w i t h  a p e r i o d  o f  2 ~ x 0 .  From 
E q .  ( 3 )  and c o n t i n u i t y ,  t h e  l a s t  t e r m  i n  E q .  ( 2 )  i s  z e r o  f o r  our 
system. 
The 
6 
Equat ion  ( 1 )  i s  a non l  
e v o l u t i o n  o f  t h e  v e c t o r  U i  
l i n e a r  ( s t r e s s  p r o p o r t i o n a l  
near  d i s s i p a t i v e  
A l though  a Nav 
t o  s t r a i n  r a t e ) ,  
appears i n  Eq. ( 1 )  as an e f f e c t  o f  i n e r t i a .  
e q u a t i o n  f o r  t h e  
er -S tokes  f l u i d  i s  
a n o n l i n e a r i t y  
The e q u a t i o n  i s  
autonomous, s i n c e  t i m e  does n o t  appear e x p l i c i t l y  on t h e  r i g h t  
s i d e ,  and d e t e r m i n i s t i c  s i n c e  t h e r e  a r e  no random c o e f f i c i e n t s .  
Note t h a t  t he  e q u a t i o n  would n o t  be autonomous i f  t h e  f o r c i n g  
te rm F i  were t ime-dependent.  Equa t ion  ( l ) ,  a l t h o u g h  
th ree-d imens iona l  i n  p h y s i c a l  space, i s  i n f i n i t e - d i m e n s i o n a l  i n  
phase (or  s t a t e )  space, s i n c e  i t  i s  a p a r t i a l  d i f f e r e n t i a l  
e q u a t i o n .  
system i s  t h e  number of  
f i e l d  a t  a p a r t i c u l a r  t i m e .  The p r e s s u r e  i s  n o t  s p e c i f i e d ;  i t  i s  
c a l c u l a t e d  from Eq. ( Z ) . )  The e q u a t i o n  can be c o n v e r t e d  t o  an 
i n f i n i t e  system o f  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  by,  f o r  
i n s t a n c e ,  i n t r o d u c i n g  f i n i t e - d i f f e r e n c e  r e p r e s e n t a t i o n s  o f  s p a t i a l  
d e r i v a t i v e s  (and l e t t i n g  g r i d  spac ing  approach O ) ,  or  by  t a k i n g  
t h e  s p a t i a l  F o u r i e r  t r a n s f o r m  o f  t h e  e q u a t i o n .  Because i t  i s  
d i s s i p a t i v e ,  t h e  i n f i n i t e  system can be r e p r e s e n t e d  by a f i n i t e  
system o f  equa t ions .1°  There shou ld  be a v i s c o u s  c u t o f f ,  below 
wh ich  mo t ion  becomes u n i m p o r t a n t  as t h e  s c a l e  o f  t h e  m o t i o n  
decreases. Thus a numer i ca l  s o l u t i o n  shou ld  be p o s s i b l e ,  a t  l e a s t  
f o r  low Reynolds numbers. Equa t ion  ( l ) ,  t o g e t h e r  w i t h  E q .  ( 2 )  f o r  
the  p ressu re ,  E q s .  ( 3 )  to ( 5 )  for the  f o r c i n g  term, Eqs. ( 4 )  and 
( 5 )  f o r  the  i n i t i a l  c o n d i t i o n s ,  and p e r i o d i c  boundary c o n d i t i o n s ,  
(The number o f  dimensions o f  t h e  phase space o f  o u r  
U i ' S  r e q u i r e d  t o  s p e c i f y  t h e  v e l o c i t y  
7 
. 
can be considered a nonlinear, deterministic, autonomous, 
dissipative, dynamical system. The system is determinist 
there are no random elements in Eqs .  ( 1 )  to ( 5 )  or in the 
conditions. 
The numerical method used for the solution o f  E q s .  ( 
c, since 
boundary 
) to (5) 
has been given p r e v i ~ u s l y . ~ , ~ ~  
grid points), fourth-order spatial differencing, and third-order 
predictor-corrector time differencing are used. In order to obtain 
numerical stability for the highest asymptotic Reynolds number 
(13 .31 ,  it was necessary to use about 50 time steps in each small 
fluctuation of velocity, so that the fluctuations with respect to 
time are well resolved indeed. The spatial resolution i s  a l so  
good and will be discussed later, in connection with Fig. 5. 
A cubical computational grid (323 
It follows from Eqs.  ( 3 )  to ( 5 )  that the nonrandom initial 
condition on ui applied at t = 0 is proportional to the steady 
forcing term Fi. The quantity (Ui)t=O, or Fi, on an xj - xk 
plane through the numerical grid center i s  plotted in Fig. 1 .  
Figure 2 shows t h e  magnitude o f  the vector (ui)t=O or F i .  A 
high degree of spatial symmetry of (ui>t-O and of Fi is apparent 
from these plots. Note that as a result of the symmetry, the 
subscript i can designate any component of the vectors, and that 
the 
center parallel to the grid axes. That is, i,j, and k = 1 ,  2, or 
3; j ;t k. Moreover, the symmetry allows the development of 
symmetric turbulence in a box, where the box has periodic walls. 
X j  - xk plane can be any plane through the numerical grid 
8 
.- 
a 
L 
Ii- 
Figure 1. - Plot of fordng term FI in Eq. (1) or of regular initial velocity component uion a 
plane through center of numerical grid. xk and x are cwrdlnates on Ihe plane and x o  
is the redprocal of a wave-number component 01 the forcing term. 
r 
2ll 
Figure 2. - Magnitude of forcing vector or of regular initial velocity vector on a plane 
through numerical-grid center. . 
9 
. 
- 112 
R e s u l t s  for t h e  e v o l u t i o n  o f  (u:) f o r  x i n  Eq.  ( 3 )  equal 
t o  1 ( a s y m p t o t i c  Reynolds number, 13 .3)  a r e  g i v e n  i n  F i g .  3 (see  
F i g ,  3 f o r  d e f i n i t i o n  o f  t h e  Reynolds number). The v a l u e  of k i n  
Eq.  ( 5 )  i s  20, g i v i n g  an i n i t i a l  Reynolds number a t  t = 0 o f  34.6. 
The v e l o c i t i e s  have been d i v i d e d  by  (uc) 
r e f e r s  t o  t = 0. An a s y m p t o t i c  t u r b u l e n t  s o l u t i o n  i s  o b t a i n e d  
f o r  t*  > 5 .  (The a s t e r i s k  on t i n d i c a t e s  t h a t  i t  has been 
nond imens iona l i zed  b y  xo and v . )  
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, where t h e  0 a g a i n  
A r a t h e r  remarkab le  f e a t u r e  o f  t u r b u l e n t  f low i s  t h a t  a 
e x c i t i n g  when t h e  a p p l i e d  t ime-dependent haphazard flow can r e s u l t  
f o r c e s  a r e  s teady  (e .g . ,  i n  a f u l l y  deve 
w i t h  a s teady  a p p l i e d  p r e s s u r e  g r a d i e n t )  
Nav ie r -S tokes  t u r b u l e n c e  c a l c u l a t e d  he re  
oped t u r b u l e n t  p pe f low 
F i g u r e  3 shows t h a t  t h e  
e x h i b i t s  t h i s  f e a t u r e ,  
s i n c e  a s teady  f o r c i n g  t e r m  produces an a p p a r e n t l y  haphazard t ime-  
dependent mo t ion .  This i s  e v i d e n t l y  an i n d i c a t i o n  o f  t h e  i n h e r e n t  
i n s t a b i l i t y  o f  t h e  n o n l i n e a r  Nav ie r -S tokes  e q u a t i o n s  excep t  a t  
v e r y  low Reynolds numbers. I t  w i l l  l a t e r  be seen t h a t  o u r  s teady  
f o r c i n g  te rm can a l s o  produce t ime-dependent n o n t u r b u l e n t  flow. 
I t  shou ld  be ment ioned t h a t  t h e  symmetry p r e s e n t  i n  t h e  
i n i t i a l  c o n d i t i o n s  ( E q s .  (4 )  and (5)) which, f o r  i n s t a n c e ,  causes 
t h e  t h r e e  l o c a l  v e l o c i t y  components to  be equal  f o r  x i  = x 2  = x3 
a t  t = 0, has been d e s t r o y e d  b e f o r e  t *  = 5, a p p a r e n t l y  by 
r o u n d o f f  e r r o r s .  T h i s  symmetry b r e a k i n g  fo r  l o c a l  va lues  must 
Indeed occu r  i n  o r d e r  f o r  t r u e  t u r b u l e n c e  t o  deve lop ,  and i n  f a c t  
t h e  f l u c t u a t i o n s  e v e n t u a l l y  d i e  o u t  i f  t h e  symmetry remains .  Here 
10 
-2.4 
0 2 4 6 8 10 12 14 16 18 
t'-(il/x;)t 
Figure 3. - Calculated evolution of turkrlent velodty lluctuatkns 
with a lime-independent lordng term. Ordinates normalized 
by Initial condition. Root-mean square velocities (wlth a single 
bar) are spatially averaged. Devebped Reynolds number 
(7,'" xoh' = 13.3, where the doubte bar indicates an 
average over space and lime lor I' > 5, x = 1. xi - x1h0 - 
W8. x i  = 21n/16, 
32 spaUal grid points. 
= 23d16. for unaveraged fluctuations 
3 
. 
1 1  
the initial fluctuations were not strong enough to destroy the 
symmetry before the fluctuations become too small to be seen on 
the ul Curve. The symmetry breaking apparently occurred on the 
flat portion of the curve by the accumulation of roundoff errors. 
For higher initial Reynolds numbers (not shown) the initial 
fluctuations were strong enough to break the local symmetry 
earlier, and the flat portion of the ul curve was absent. 
The mean skewness factor S of the velocity derivative of  
our Navier-Stokes turbulence in Fig. 3 i s  calculated to be 
312 
s = (?)y [fy2] = - 0 . 5 2 ,  
where the skewness factor is averaged over time after the powers 
o f  the velocity derivative have been averaged over space. 
value is close to those obtained experimentally for a variety of 
simple turbulent flowsI12 where the Reynolds numbers of the 
experiments were in the same range as that for the solution in 
F i g .  3 .  
This 
Instantaneous (unaveraged) terms in the Navier-Stokes 
equation (Eq .  (1)) for i = 1 at the numerical grid center are 
plotted in Fig. 4 .  These include the nonlinear convective term 
-a(ujuk>/8Xk, the steady forcing term Fi, the viscous term 
d2u/8xkaxk, and the pressure term -(l/p)ap/axi. 
For the asymptotic or developed region (for t* > 5) the 
viscous term is of the same order of magnitude as the steady 
(7) 
12 
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Figure 4. - Calculated evolution of Instantaneous term in 
Navier-Stokes equation at grid center. X - 1. Devebped 
Reynolds number - 13.3. 
1 3  
f o r c i n g  term.  T h i s  i s  reasonable s i n c e  t h e  f o r c i n g  te rm 
r e p l e n i s h e s  t h e  energy l os t  by v i scous  a c t i o n .  On t h e  o t h e r  hand 
t h e  n o n l i n e a r  c o n v e c t i v e  and p r e s s u r e  t e r m s  a r e  much l a r g e r .  (The 
p ressu re  t e r m  i s  n o n l i n e a r  th rough  E q  ( 2 > . )  I t  may seem 
s u r p r i s i n g  t h a t  a smal l  f o r c i n g  t e r m  can produce l a r g e  c o n v e c t i v e  
and p r e s s u r e  terms; a p p a r e n t l y  those t e r m s  a r e  a m p l i f i e d  by t h e  
i n s t a b i l i t y  o f  t h e  Navier -Stokes f low a t  t h e  Reynolds number i n  
F i g .  3 .  The tendency i s  even g r e a t e r  a t  h i g h e r  Reynolds numbers 
( n o t  shown). I f  we compare t h e  n o n l i n e a r  c o n v e c t i v e  and p ressu re  
terms w i t h  t h e  v i s c o u s  te rm r a t h e r  than  w i t h  t h e  f o r c i n g  t e r m ,  t h e  
t r e n d  i s  n o t  s u r p r i s i n g ,  s i n c e  i t  i s  wel l -known t h a t  t h e  n o n l i n e a r  
terms become much g r e a t e r  t han  t h e  v i s c o u s  as t h e  Reynolds number 
o f  a t u r b u l e n t  f l o w  i n c r e a s e s .  A s  was ment ioned b e f o r e ,  t h e  
f o r c i n g  t e r m  i s  of  t h e  same o r d e r  o f  magnitude as t h e  v i s c o u s .  
C a l c u l a t e d  s p a t i a l  v a r i a t i o n s  o f  v e l o c i t y  f l u c t u a t i o n s  a r e  
p l o t t e d  i n  F i g .  5. A l though  t h e  Reynolds number i s  low, t h e r e  i s  
some tendency f o r  v e l o c i t y  g r a d i e n t s  t o  become l a r g e  i n  some 
r e g i o n s ,  t hus  i n d i c a t i n g  t h e  hydrodynamic i n s t a b i l i t y  o f  t h e  
f low. Th is  tendency t o  form s teep  g r a d i e n t s  i s ,  o f  course,  a 
wel l -known p r o p e r t y  o f  t u r b u l e n t  f l o w s .  I n  o r d e r  t o  g i v e  an i d e a  
o f  t h e  numer i ca l  r e s o l u t i o n  o b t a i n e d ,  g r i d  p o i n t s  a r e  i n d i c a t e d  by 
symbols; a l l  o f  t h e  sca les  o f  m o t i o n  a r e  w e l l  r e s o l v e d .  
The number o f  degrees o f  f reedom or modes used i n  t h e  p r e s e n t  
s o l u t i o n  (323 g r i d  p o i n t s  t i m e s  t h r e e  d i r e c t i o n a l  v e l o c i t y  
components) was compared w i t h  t h e  c r i t e r i a  f o r  s u f f i c i e n t  
14 
1.2 , 
Figure 5. - Calculated spatial vadation of velocity 
fluctuations on a plane through grid cenler al 
I* - 13.74. Symbols are at grid 
i = 2.1  - 1; a i  - 2 . 1  = 2; s i -  1.1 - 1. inls. -0- 
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determining modes obtained by Constantin et al.1° 
basis of the ratio of the largest to smallest length scale and on 
the basis of Reynolds number, the number of determining modes used 
in the present solution was considerably larger than required for 
a qualitatively correct solution. 
of reference 10, there are plenty of determining modes for a 
qualitatively correct solution. That reference does not address 
the problem of a quantitatively correct solution. 
Both on the 
So according to the criteria 
After initial transients have died out (for t* > 5 > ,  the 
flow considered in Figs. 1 to 7 lies on a strange attractor. This 
is because, as shown,8 the flow exhibits sensitive dependence on 
initial conditions, and because the Navier-Stokes equations 
represent a dissipative system, so that volumes in phase space, on 
the average, contract (for large times volumes in phase space 
approach zero!) .697,13 
dependence on initial conditions occurs for decaying turbulence.’ 
Figure 6 shows an instantaneous velocity vector field in the 
We have a1 so shown that sensitive 
asymptotic (developed) region projected on the x 1  - x2 plane 
through the numerical grid center. The time is t* = 13.28. A 
few instantaneous streamlines have also been sketched in. The 
flow in Fig. 6 appears to be composed o f  random jets and whirls; 
other projections of the velocity vector field have a similar 
appearance, but with jets and whirls at different locations. 
A three-dimensional representation of an instantaneous 
velocity field in the asymptotic region is given in Fig. 7. The 
16 
0 2n 
Figure 6. - Plot of projection of velocity-vector field on XI - x 2  plane through grid 
center. Lengths of arrows are proportional to velocity magnitudes. Also shown 
are some streamlines. x = 1.1’ = 13.28. 
. 
2n 
Figure 7 - Magnitude of spatially chaotic initial velocity vector on plane through grid 
center 1’ = 13.28 
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. 
magnitude o f  the velocity vector lul is plotted on the x1 - x2 
plane through the numerical grid center. The time is again 
t* = 13.28.  Figure 7, as well as Fig. 6, i lustrates the chaotic 
appearance of the velocity field. 
present in the nonrandom initial conditions in Figs. 1 and 2 has 
been broken for the developed flow in Figs. 6 and 7. 
I t  is ev dent that the symmetry 
111. SOME TURBULENT AND NONTURBULENT NAVIER-STOKES FLOWS 
I n  t h i s  s e c t i o n  (excep t  f o r  one o f  t h e  flows cons ide red  f o r  
i l l u s t r a t i v e  purposes i n  F i g .  8 )  we w i l l  use as i n i t i a l  c o n d i t i o n s  
t h e  s p a t i a l l y  c h a o t i c  c o n d i t i o n s  i n  F i g s .  6 and 7 .  These c o r r e -  
spond t o  t h e  f low i n  F i g .  3 a t  t*  = 13.28. 
i s  c h a o t i c  ( t h e  Liapunov c h a r a c t e r i s t i c  exponent i s  p o s i t i v e ) .  
The use o f  c h a o t i c  i n i t i a l  c o n d i t i o n s  tends t o  assure  t h a t  t h e  
u n s t a b l e  modes i n  a g i v e n  f low a r e  e x c i t e d .  
As'shown,8 t h a t  f low 
The e f f e c t i v e n e s s  o f  c h a o t i c  i n i t i a l  c o n d i t i o n s  i n  e x c i t i n g  
u n s t a b l e  modes i s  i l l u s t r a t e d  i n  F i g .  8 .  The Reynolds numbers o f  
b o t h  t h e  n o n c h a o t i c  i n i t i a l  c o n d i t i o n s  and o f  t h e  a s y m p t o t i c  flow 
i n  F i g .  8 (a>  a r e  h i g h e r  than  those i n  F i g .  8 ( b > ,  where t h e  i n i t i a l  
c o n d i t i o n s  a r e  chaotic. Since t h e  asympto t i c  f low i n  F i g .  8 ( a >  
i s  t ime- independent and t h a t  i n  F i g .  8 ( b >  i s  c h a o t i c ,  one sees 
t h a t  t h e  c h a r a c t e r  o f  these asympto t i c  flows i s  c o n t r o l l e d  by 
whether or  n o t  t h e  i n i t i a l  c o n d i t i o n s  a r e  c h a o t i c ,  r a t h e r  t h a n  by 
t h e  Reynolds numbers. O f  course  i f  t h e  i n i t i a l  Reynolds number i s  
h i g h  enough, as i n  F i g .  3, t h e  a s y m p t o t i c  f low may be c h a o t i c  even 
i f  the  i n i t i a l  c o n d i t i o n s  a r e  r e g u l a r .  A t  any r a t e  i t  i s  c l e a r  
from F i g .  8 t h a t  t h e  use o f  c h a o t i c  i n i t i a l  c o n d i t i o n s  tends  t o  
make the  asympto t i c  f low c h a o t i c ,  when t h a t  i s  p o s s i b l e .  I t  tends  
t o  i n s u r e  t h a t  u n s t a b l e  modes a r e  e x c i t e d .  Bu t  i t  w i l l  be seen 
t h a t ,  depending on t h e  f i n a l  Reynolds number, a v a r i e t y  o f  
asympto t i c  f lows can be o b t a i n e d  from c h a o t i c  i n i t i a l  c o n d i t i o n s .  
. 
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(a) Initial flow. regular. Initial Reynolds number - 17.3. t = (u/x;)t 
Asymptotic Reynolds number - 8.5. 
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The 
s e c t i o n  
chaot i c , 
procedure  f o r  t h e  
s t h i s :  The i n i t  
a r e  o b t a i n e d  from 
c a l c u l a t i o n s  i n  the  remainder o f  
a1 c o n d i t i o n s ,  wh ich  a r e  s p a t i a l  
t h e  c h a o t i c  f low i n  F i g .  3 fo r  
t* = 13.28. (See a l s o  F i g s .  6 and 7 . )  Us ing  t h a t  i n i t  
c o n d i t i o n ,  t h e  a s y m p t o t i c  Reynolds number for  each flow 
by s e t t i n g  t h e  va lue  o f  x i n  t h e  f o r c i n g  t e r m  i n  E q .  
A .  Time s e r i e s  
t h i s  
Y 
a1 
i s  f i x e d  
3 ) .  
Time s e r i e s  fo r  s i x  d i f f e r e n t  low-Reynolds-number f lows a r e  
shown i n  F i g s .  9 and 3 .  I n  F i g .  9 ( a > ,  where t h e  a s y m p t o t i c  
Reynolds number Rea i s  4.78 (x = 0.2), t h e  asympto t i c  ( l o n g - t i m e )  
flow i s  t ime- independent .  T h i s  happens a l t h o u g h  t h e  i n i t i a l  
c o n d i t i o n s  a r e  c h a o t i c .  Thus the  Reynolds number he re  appears not 
t o  be h i g h  enough t o  s u s t a i n  a t ime-dependent c h a o t i c  or p e r i o d i c  
f low; no modes a r e  a c t i v e .  I n  phase space t h i s  t y p e  o f  f low i s  a 
f i x e d  p o i n t ,  as w i l l  be d i scussed  i n  t h e  n e x t  s e c t i o n .  
For an a s y m p t o t i c  Reynolds number o f  6.24 o( = 0 .3)  t h e  
long- te rm s o l u t i o n  shown i n  F i g .  9 (b )  i s  p e r i o d i c  i n  t i m e .  The 
curve  has a r a t h e r  s imp le  shape, a l t h o u g h  i t  i s  n o t  as s imp le  as a 
s i n e  wave. A s  d iscussed  i n  t h e  n e x t  s e c t i o n ,  t h i s  i s  a l i m i t  
c y c l e  i n  phase space. 
The a s y m p t o t i c  f low i n  F i g .  9 ( c ) ,  which i s  f o r  a Reynolds 
number o f  6 .72  ( x  = 0 .338) ,  has some p a r t s  wh ich  appear t o  r e p e a t ,  
b u t  i t  i s  n o t  p e r i o d i c .  Even a f t e r  a v e r y  l o n g  t i m e  we were unab le  
t o  o b t a i n  a complete r e p e a t i n g  c y c l e .  
errors c o u l d  produce t h a t  r e s u l t ,  we i n c r e a s e d  those e r r o r s  by 
I n  o r d e r  t o  see if r o u n d o f f  
4. 
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Figure 9. - Calculated time series for evolution of velocity 
component. Initial flow. chaotic. Initial Reynolds 
number - 13.3. 
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phase p o r t r a i t s ,  Po inca re  s e c t i o n s ,  and L 
w i l l  be i n  a b e t t e r  p o s i t i o n  t o  c h a r a c t e r  
Consider n e x t  t he  asympto t i c  f low i n  
severa l  o r d e r s  o f  magn i tude,  b u t  t h e  r e s u l t s  were unchanged. 
F i g u r e  9 (c )  by i t s e l f  does n o t  p r o v i d e  enough i n f o r m a t i o n  t o  
c h a r a c t e r i z e  the  f low i n  t h a t  f i g u r e .  A f t e r  we have c a l c u l a t e d  
apunov exponents,  we 
ze t h e  f low. 
F i g .  9 ( d > ,  where t h e  
Reynolds number i s  6.89 ( x  = 0.35) .  A t  f i r s t  g lance  t h i s  flow 
m i g h t  appear c h a o t i c  because of i t s  c o m p l e x i t y .  I t  i s ,  however, 
p e r i o d i c ,  a l t h o u g h  the  v e l o c i t y  v a r i a t i o n  w i t h i n  each p e r i o d  i s  
o d i c  f low has a p e r i o d  c l o s e  
o d i c  f low i n  F i g .  9 ( b > .  We 
and 4) b e f o r e  t h e  n o n p e r i o d  
I t  was t h o u g h t  t h a t  i t  would be easy t o  f i n d  a one i n  F i g .  9 ( c ) .  
p e r i o d  2 f low by u s i n g  a v a l u e  o f  x between 0 . 3  and 0 .35 ,  and 
thus  t o  demonst ra te  p e r i o d - d o u b l i n g .  However t h e  cases we t r i e d  
q u i t e  comp l i ca ted .  Th is  complex pe r  
t o  f o u r  t i m e s  t h a t  o f  t h e  s imp le  p e r  
d i scove red  these two flows ( p e r i o d s  
(X = 0.338 
c o n d i t i o n s  
f lows s i m i  
t u r n e d  o u t  
C 
and 0 .341) ,  s t a r t i n g  e i t h e r  from c h a o t i c  i n i t i a l  
or  from t h e  p e r i o d  4 f l ow  i n  F i g .  9 ( d ) ,  gave n o n p e r i o d i c  
a r  t o  t h a t  i n  F i g .  9 ( c ) .  Thus o u r  r o u t e  t o  t u r b u l e n c e  
t o  be more c o m p l i c a t e d  than  a n t i c i p a t e d .  
F i n a l l y ,  by i n c r e a s i n g  t h e  a s y m p t o t i c  Reynolds number t o  6.93 
( X  = 0 .4)  we g e t  i n  F i g .  9 (e)  what appears t o  be a c h a o t i c  f low, 
s i n c e  i t  has no apparent  p a t t e r n .  
s i m i l a r  t o  t h a t  i n  F i g .  3 (x  = 1 )  wh ich  was a l r e a d y  shown t o  be 
c h a o t  i c .8 
The f low has an appearance 
2 3  
I n  summarizing t h e  i n f o r m a t i o n  o b t a i n e d  from t h e  t i m e  s e r i e s  
for the v a r i o u s  asympto t i c  f lows, we n o t e  t h a t  t h e  only flows t h a t  
c o u l d  be i d e n t i f i e d  w i t h  reasonab le  c e r t a i n t y  from t h e  t i m e  s e r i e s  
a lone were t h e  t ime- independent f low ( F i g .  9 ( a ) )  and t h e  p e r i o d i c  
flows i n  F i g s .  9 (b>  and ( d ) .  We w i l l  be a b l e  t o  g e t  a b e t t e r  
unders tand ing  even o f  those flows from r e p r e s e n t a t i o n s  y e t  t o  be 
cons ide red .  
B. Phase p o r t r a i t s  
The te rm "phase p o r t r a i t "  as used here  r e f e r s  to  a s o l u t i o n  
t r a j e c t o r y  i n  the  phase space of a f low. Since one cannot  r e a d i l y  
v i s u a l i z e  a space o f  more than  t h r e e  dimensions, o u r  
r e p r e s e n t a t i o n s  w i l l  be p r o j e c t i o n s  o f  the  h ighe r -d imens iona l  
p o r t r a i t s  onto two-dimensional  p lanes  or th ree-d imens iona l  volumes 
i n  phase space. 
The t r a j e c t o r y  i n  F i g .  10 (a ) ,  which corresponds t o  t h e  t i m e  
s e r i e s  i n  F i g .  9 (a) ,  shows an i n i t i a l  t r a n s i e n t  which ends a t  a 
s t a b l e  f i x e d  p o i n t  i n  phase space. The a r row i n d i c a t e s  t h e  
d i r e c t i o n  of i n c r e a s i n g  t i m e  ( t h e  d i r e c t i o n  o f  mo t ion  o f  t h e  phase 
p o i n t ) .  Since the  v e l o c i t y  components a t  a l l  p o i n t s  i n  p h y s i c a l  
space a r e  t i m e  independent fo r  l a r g e  t imes ,  t he  phase p o i n t  
occup ies  the  same p o s i t i o n  i n  phase space fo r  a l l  l a r g e  t i m e s .  
The p r o j e c t i o n  i n  F i g .  10(a)  i s  o n t o  a u l ( n , n , n >  - u2(n,w,w) 
p l a n e ;  o t h e r  p r o j e c t i o n s  a r e  s i m i l a r .  T h i s  i s  t h e  s i m p l e s t  
example of an a t t r a c t o r ,  t h e  t r a j e c t o r y  i n  phase space b e i n g  
a t t r a c t e d  t o  a s i n g l e  s t a b l e  p o i n t .  Once t h e  phase p o i n t  a r r i v e s  
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Re, = 6.24 or X =  0.3. Simple periodic flow. 
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t h e r e  i t  does n o t  l eave .  A s  ment ioned e a r l i e r ,  volumes i n  phase 
space c o n t r a c t ,  on t h e  average, i n  a d i s s i p a t i v e  system.13 
t h i s  case t h e  volumes s h r i n k  down t o  a zero-volume 
zero-dimensional  p o i n t .  Mo t ion  i n  p h y s i c a l  space does n o t  o f  
course cease b u t  becomes t ime- independent .  
I n  
Consider n e x t  t h e  p e r i o d i c  phase p o r t r a i t  co r respond ing  t o  
t h e  t i m e  s e r i e s  i n  F i g .  9 ( b >  ( s e e  F i g s .  10(b) t o  ( h ) ) .  F i g u r e s  
10(b)  and ( c )  show t r a j e c t o r i e s  p r o j e c t e d  o n t o  a u1 ( 9 n / 8 ,  
216/16, 23n/16) - ul(w,v,w) p l a n e .  Comparison of t h e  unconverged 
o r b i t  i n  F i g .  10(b)  w i t h  t h e  converged one i n  F i g .  1O(c> shows 
t h a t  t h e  unconverged cuI-ve wobbles around (on  b o t h  s i d e s  o f )  t h e  
converged cu rve  u n t i l  i t  f i n a l l y  s e t t l e s  down on t h e  l a t t e r .  Thus 
t h e  t r a j e c t o r y  i s  a t t r a c t e d  t o  a s t a b l e  l i m i t  c y c l e  or p e r i o d i c  
a t t r a c t o r .  The f a c t  t h a t  t h e  phase p o i n t  t r a c e s  t h e  same cu rve  
ove r  and o v e r  ( a f t e r  convergence) c o n f i r m s  t h e  p e r i o d i c i t y  o f  t h e  
o r b i  t .  
The c o n t r a c t i o n  of volumes i n  phase space f o r  a d i s s i p a t i v e  
system a g a i n  m a n i f e s t s  i t s e l f  h e r e .  Whereas i n  F i g .  10(a)  t h e  
volumes s h r i n k  down t o  a zero-volume zero-d imensional  p o i n t ,  for  
t h e  per  o d i c  a t t r a c t o r  cons ide red  he re  t h e y  s h r i n k  down t o  a 
zero-vo ume one-d imens iona l  c l o s e d  l i n e .  The c o o r d i n a t e  a x i s  
used t o  p l o t  t h e  l i n e  w i l l  have t h e  same shape as t h e  l i n e .  Thus 
a l t h o u g h  t h e  l i n e  i t s e l f  i s  one-d imens iona l ,  t h e  one-d imens iona l  
c o o r d i n a t e  system, or t h e  b a s i s  f u n c t i o n ,  may r e q u i r e  many 
o r thogona l  d imensions t o  r e p r e s e n t  i t .  The l i n e  i s ,  s t r i c t l y  
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speaking, one-dimensional  o n l y  when used w i t h  i t s  own optimum 
one-dimensional  c o o r d i n a t e  system or b a s i s  f u n c t i o n .  A l though  t h e  
l i n e  w i l l  n o t  c ross  i t s e l f  i n  i t s  optimum c o o r d i n a t e  system, i t  
may cross when p r o j e c t e d  o n t o  a two-dimensional  o r t h o g o n a l  
c o o r d i n a t e  system (see F i g .  1 0 ( d ) > .  
A d d i t i o n a l  p r o j e c t i o n s  o f  t h e  p e r i o d i c  a t t r a c t o r  o n t o  p lanes  
i n  phase space a r e  shown i n  F i g s .  10(e> and ( f )  i n  o rde  to  g i v e  
an i dea  o f  the  v a r i e t y  o f  curve  shapes t h a t  can be o b t a  ned. Note 
t h a t  i n  F i g .  l O ( f ) ,  p a r t  o f  t h e  symmetry p r e s e n t  f o r  t = 0 
( F i g .  1 )  has r e t u r n e d .  ( T h i s  symmetry i s  absent  i n  t h e  f u l l y  
c h a o t i c  f l o w s . )  P r . > j e c t i o n s  o f  the o r b i t  onto th ree -d imens iona l  
volumes i n  phase space a r e  p l o t t e d  i n  F i g s .  1O(g> and ( h ) .  
P h a s e - p o r t r a i t  p r o j e c t i o n s  co r respond ing  t o  t h e  t i m e  s e r i e s  
i n  F i g .  9 ( c >  a r e  p l o t t e d  i n  F i g s .  1 O ( i )  t o  (0). T h i s  p o r t r a i t  
d i f f e r s  q u a l i t a t i v e l y  from t h e  o t h e r s  shown so f a r ,  s i n c e  i t  tends  
t o  f i l l  a r e g i o n  o f  space i n  most o f  t h e  two-dimensional  
p r o j e c t i o n s .  I t  was found t h a t  t h e  l o n g e r  t h e  r u n n i n g  t i m e ,  t h e  
b l a c k e r  i s  t h e  p o r t r a i t  f o r  the  p r o j e c t i o n s  i n  F igs .  1 O ( i >  t o  
( n ) .  Thus t h e  t r a j e c t o r y  i s  c l e a r l y  n o t  p e r i o d i c ,  s i n c e  i f  i t  
were, i t  would be a c l o s e d  l i n e  i n  a l l  p r o j e c t i o n s .  I f  i t  were 
q u a s i p e r i o d i c  ( w i t h  two independent f r e q u e n c i e s ) ,  t h e  phase 
p o r t r a i t  would l i e  on a t o r u s .  F i g u r e  10(k) resembles a torus i n  
some r e s p e c t s ,  b u t  i s  more comp l i ca ted .  I n  p a r t i c u l a r ,  i t  has a 
knob i n  t h e  c e n t r a l  r e g i o n .  
. 
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The p r o j e c t i o n s  i n  F i g s .  l O ( j > ,  ( l), and (m)  appear t o  show a 
s h e e t - l i k e  s t r u c t u r e .  Whereas f o r  t h e  p e r i o d i c  a t t r a c t o r  o f  
F i g s .  l O ( c >  t o  ( h ) ,  phase-space volumes s h r i n k  down t o  a 
zero-volume l i n e ,  here t h e y  appear t o  s h r i n k  down t o  a zero-volume 
sheet (or shee ts ) .  The n o t c h  i n  t h e  p r o j e c t i o n  i n  F i g .  10(1> i s  
p r o b a b l y  t h e  r e s u l t  o f  a s u p e r p o s i t i o n  o f  sheets .  S h e e t - l i k e  
s t r u c t u r e s  w i t h  f o l d s  a r e  g e n e r i c  i n  s t range  a t t r a c t o r s . 6  S ince  
i n  a c h a o t i c  f low t h e r e  i s  s t r e t c h i n g  i n  a t  l e a s t  one d i r e c t i o n  i n  
phase space, t h e r e  must be f o l d i n g  i n  o r d e r  t o  keep t h e  f low 
bounded. There appear t o  be some f o l d s  i n  t h e  p r o j e c t i o n s  i n  
F i g s .  l O < j > ,  ( k ) ,  and ( m ) ,  t hus  i n d i c a t i n g  t h a t  chaos i s  p r o b a b l e .  
The confused appearance o f  t h e  t r a j e c t o r i e s  i n  F i g s .  1 O ( i )  and ( n >  
i s  a l s o  i n d i c a t i v e  o f  chaos. F u r t h e r  ev idence r e l a t i v e  to  t h e  
c l a s s i f i c a t i o n  o f  t h i s  h a r d - t o - c l a s s i f y  f low w i l l  be cons ide red  i n  
succeeding s e c t i o n s .  
P r o j e c t i o n s  o f  t h e  p e r i o d i c  t r a j e c t o r y  co r respond ing  t o  t h e  
t i m e  s e r i e s  i n  F i g .  9 ( d >  a r e  p l o t t e d  i n  F i g s .  1O(p> t o  ( r ) .  
I n i t i a l  t r a n s i e n t s  have d i e d  o u t .  Because of t h e  very complicated 
appearance o f  t h e  t r a j e c t o r y  a c u r s o r y  l o o k  m i g h t  l e a d  one t o  
guess t h a t  i t  i s  c h a o t i c  ( s e e  a l s o  F i g .  9 ( d > ) .  I t  i s  n o t  c h a o t i c ,  
however, s i n c e  i t  i s  n o t  space f i l l i n g .  No m a t t e r  how l o n g  a t i m e  
t h e  s o l u t i o n  i s  con t i nued ,  t h e r e  i s  no b l a c k e n i n g  o f  t h e  phase 
p o r t r a i t ;  t h e  same c l o s e d  cu rve  i s  t r a c e d  ove r  and o v e r ,  i n d i c a t i n g  
p e r i o d i c i t y  o f  t h e  o r b i t .  S ince i n i t i a l  d e v i a t i o n s  o r  t r a n s i e n t s  
p r e s e n t  i n  t h e  f l o w  ( n o t  shown) d i e  o u t  as t h e  flow i s  a t t r a c t e d  
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t o  a l i m i t i n g  l i n e  
a t t r a c t o r  o r  l i m i t  
memory i n  be ing  ab 
the  l o n g - t e r m  s o l u t i o n  t r a j e c t o r y  i s  a p e r i o d i c  
c y c l e .  The flow appears t o  have a remarkab le  
e t o  r e p e a t  such a comp l i ca ted  o r b i t .  The f a c t  
t h a t  such a comp l i ca ted  cu rve  can be r e t r a c e d  i s  a l s o  i n d i c a t i v e  
o f  the accuracy o f  t h e  numer ica l  method. A s  was t h e  case fo r  t h e  
s imple p e r i o d i c  a t t r a c t o r  cons ide red  e a r l i e r ,  t h e  p r e s e n t  p e r i o d i c  
a t t r a c t o r ,  a l t h o u g h  much more comp l i ca ted ,  shows t h e  s h r i n k i n g  o f  
phase-space volumes t o  a z e r o  volume one-dimensional  l i n e .  The 
d i s c u s s i o n  g i v e n  t h e r e  concern ing  t h e  sense i n  which the  l i n e  i s  
one-dimensional  a l s o  a p p l i e s  h e r e .  
I n c r e a s i n g  t h e  Reynolds numbers to  those i n  F i g s .  9 ( e )  and 3 
we aga in  g e t  (as  f o r  F i g s .  1 O ( i )  t o  ( m ) )  s p a c e - f i l l i n g  a t t r a c t o r s .  
P r o j e c t i o n s  o f  these a r e  p l o t t e d  i n  F i g s .  1 O ( s >  t o  ( v ) .  A f t e r  
t r a n s i e n t s  have d i e d  o u t ,  t h e  t r a j e c t o r i e s  a r e  a t t r a c t e d  t o  t h e  
b l a c k  r e g i o n s  i n  t h e  p l o t s .  These l o o k  l i k e  a s t r o p h y s i c a l  b l a c k  
h o l e s .  Indeed, these a t t r a c t o r s  a r e  s i m i l a r  t o  b l a c k  h o l e s  i n  
t h a t  f o r  l a r g e  t i m e s  t h e  phase p o i n t s  cannot l e a v e .  A p o s s i b l e  
d i f f e r e n c e  i s  t h a t  f o r  somewhat e a r l i e r  t i m e s ,  t h e  phase p o i n t s  
a r i l y .  However 
e n t s  have 
f o r e v e r  on t h e  
more c h a o t i c  
(have l e s s  o f  a p a t t e r n )  t han  those i n  F i g s .  1 O ( i >  t o  ( m ) .  
However sheets and f o l d i n g  a r e  l e s s  apparent  t han  i n  t h e  a t t r a c t o r s  
f o r  t h e  lower Reynolds number i n  F i g s .  l O ( i )  t o  ( m ) ,  p r o b a b l y  
can cross ove r  t h e  a t t r a c t o r s ,  l e a v i n g  them momen 
t h a t  s i t u a t i o n  i s  temporary.  A f t e r  i n i t i a l  t r a n s  
c o m p l e t e l y  d i e d  o u t ,  t h e  phase p o i n t s  must remain 
a t t r a c t o r s .  These t r a j e c t o r i e s  appear t o  be even 
because o f  t he  h i g h e r  d i m e n s i o n a l i t y  o f  t h e  a t t r a c t o r s  fo r  t h e  
h i g h e r  Reynolds numbers. 
H .  
More w i l l  be s a i d  about t h a t  i n  s e c t i o n  
C. Po inca r i i  s e c t i o n s  
Po inca r6  s e c t i o n s  a r e  o b t a i n e d  by p l o t t i n g  t h e  p o i n t s  where 
t h e  phase p o i n t  o f  a t r a j e c t o r y  p i e r c e s  ( w i t h  i n c r e a s i n g  t i m e )  one 
s i d e  o f  a p l a n e  i n  phase space. The r e s u l t i n g  p l o t  has a d imension 
one l e s s  than  t h a t  of t h e  co r respond ing  phase p o r t r a i t .  The 
lower-d imensional  Po inca rh  s e c t i o n  i s  sometimes e a s i e r  to 
i n t e r p r e t .  
u l ( n , n , n >  - u2(nIn,n) p lane ,  and p o i n t s  a r e  p l o t t e d  when u1(9n/8,  
21n/16, 23n/16> changes from p o s i t i v e  t o  n e g a t i v e  or from n e g a t i v e  
t o  p o s i t i v e .  ( F i g .  1O(g) may a i d  i n  v i s u a l i z i n g  t h e  o p e r a t i o n ,  a t  
l e a s t  for t h e  s imp le  p e r i o d i c  case) .  
H e r e  t h e  p i e r c e d  p l a n e  (Po inca r6  p l a n e )  i s  taken as a 
For t h e  f i x e d - p o i n t  a t t r a c t o r  i n  F i g .  10(a) a Po inca r6  s e c t i o n  
does n o t  e x i s t ,  s i n c e  t h e  phase p o i n t  does n o t  pass th rough  a p lane  
as t i m e  i n c r e a s e s .  So we go on t o  t h e  s imp le  p e r i o d i c  a t t r a c t o r  o f  
F i g s .  10 (b )  t o  ( h ) .  For t h a t  a t t r a c t o r  t h e  PoincarC s e c t i o n s  a r e  
p o i n t s .  F i g u r e  l l ( a )  shows two Po inca rk  s e c t i o n s ,  one f o r  u1 (9n /8 ,  
216/16, 23n/16) changing f r o m  p o s i t i v e  t o  n e g a t i v e  and one f o r  t h a t  
c o o r d i n a t e  changing from n e g a t i v e  t o  p o s i t i v e  as t h e  phase p o i n t  
passes th rough  a u l ( n , n , a )  - u 2 ( n l ~ , n >  p l a n e .  
which p l o t s  t h e  t h r e e  c o o r d i n a t e s . )  
p i e r c e d  t h e  Po inca r6  p l a n e  a l a r g e  number o f  t imes ( 8  or 
s e c t i o n  c o n s i s t s  o f  a s i n g l e  p o i n t .  
(See a l s o  F i g  1O(g) 
Even a f t e r  t he  phase p o i n t  has 
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Considel’ n e x t  some Po incar6  s e c t i o n s  o f  t h e  phase p o r t r a i t  fo r  
F i g s .  1 O ( i >  to ( 0 )  (x = 0.338) .  These a r e  p l o t t e d  i n  F i g s .  l l ( b >  
and ( c ) .  Some p o r t i o n s  o f  t h e  p l o t s  appedr t o  be l i n e s ;  t h a t  tends 
to i n d i c a t e  q u a s i p e r i o d i c i t y  o f  the  f low ( w i t h  two independent 
t r e q u e n c i e s ) .  However, i n  o t h e r  p a r t s  o f  t h e  p l o t s  the  p o i n t s  d r e  
s c a t t e r e d  somewhat randomly w i t h  no dpparent  p a t t e r n ;  t h a t  tends  t o  
i n d i c a t e  chaos. Thus the  f low has b o t h  c h a o t i c  and q u a s i p e r i o d i c  
f e a t u r e s .  I t  i s  n o t  p e r i o d i c  because l o n g e r  r u n n i n g  t imes produce 
more p o i n t s  on t h e  Po inca rb  s e c t i o n .  
Two Po incarb  s e c t i o n s  for- t h e  complex p e r i o d i c  a t t r a c t o r  o f  
F i g s .  1O(p) t o  ( r - )  a r e  p l o t t e d  i n  F i g .  I l ( d ) .  These s e c t i o n s  a r e  
s i m i l a r  t o  those i n  F i g .  l l ( a ) ,  b u t  because o f  t h e  c o m p l e x i t y  o f  
t h e  a t t r a c t o r  o f  F i g s .  1O(p) t o  ( r - ) ,  each s e c t i o n  c o n s i s t s  o f  f i v e  
p o i n t s  i n s t e a d  o f  one. A s  was t h e  case f o r  t h e  s i m p l e r  p e r i o d i c  
a t t r a c t o r ,  t h e  number o f  p o i n t s  does n o t  i n c r e a s e  w i t h  i n c r e a s i n g  
r u n n i n g  t i m e .  
F i n a l l y ,  i n  F i g s .  l l ( e )  t o  ( h ) ,  we c o n s i d e r  Po inca rk  s e c t i o n s  
fo r  ou r  two h i g h e s t  Reynolds-number f lows ( X  = 0 . 4  and 1 ) .  Phase 
p o r t r a i t s  for  these f lows were cons ide red  i n  F i g s .  1 O ( s )  t o  ( v ) .  
These Po inca rk  s e c t i o n s  a r e  s i m i l a r  t o  those i n  f i g s .  l l ( b )  and 
( c )  i n s o f a r  as l onger  r u n n i n g  t i m e s  produce more p l o t t e d  p o i n t s .  
However t h e y  a r e  q u a l i t a t i v e l y  d i f f e r e n t ,  s i n c e  t h e r e  a r e  no  
r e g i o n s  where t h e  p o i n t s  l i e  a l o n g  a cu rve .  They tend t o  f i l l  a 
r e g i o n  o f  space i n  an a p p a r e n t l y  random f a s h i o n ;  t h e r e  i s  no  
e v i d e n t  p a t t e r n .  
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D .  L iapunov exponent 
The Liapunov c h a r a c t e r i s t i c  exponent (or  l a r g e s t  Liapunov 
exponent i f  a spectrum o f  exponents i s  cons ide red )  p r o v i d e s  a 
d e f i n i t i v e  way o f  d e t e r m i n i n g  whether o r  n o t  a f low i s  c h a o t i c .  
p o s i t i v e  Liapunov exponent i n d i c a t e s  s e n s i t i v e  dependence on 
i n i t i a l  c o n d i t i o n s ,  which i n  t u r n  i s  o f t e n  cons ide red  as synonymous 
w i t h  c h a o t i c i t y .  
A 
The method used here to  determine t h e  s e n s i t i v i t y  o f  our 
s o l u t i o n s  t o  smal l  changes i n  i n i t i a l  c o n d i t i o n s ,  and t o  determine 
Liapunov exponents,  i s  s i m i l a r  to  one we used p r e v i o u s l y . 8  The 
va lues  o f  U i  a t  a t i m e  a f t e r  i n i t i a l  t r a n s i e n t s  have d i e d  o u t  
a r e  p e r t u r b e d  by smal l  s p a t i a l l y  random numbers R, where 
-10-6 < R < 10-6 or < R < loq4.  The p e r t u r b a t i o n s  a r e  
a p p l i e d  a t  each s p a t i a l  g r i d  p o i n t  a t  one t i m e .  The d i s t a n c e  
between t h e  p e r t u r b e d  and unper tu rbed  s o l u t i o n s  a t  v a r i o u s  t i m e s  
i s  t hen  c a l c u l a t e d  f r o m  
where i, which can have va lues  from 1 t o  3, i n d i c a t e s  d i f f e r e n t  
d i r e c t i o n a l  v e l o c i t y  components, and j ,  which can go from 1 t o  
some number M y  i n d i c a t e s  d i f f e r e n t  p o i n t s  i n  p h y s i c a l  space. Then 
D r e p r e s e n t s  a d i s t a n c e  or norm i n  a 3M-dimensional space. For 
M equal  t o  t h e  number o f  g r i d  p o i n t s ,  D i s  t h e  d i s t a n c e  i n  t h e  
phase space o f  t h e  d i s c r e t i z e d  system. (Note t h a t  t h e  d i s t a n c e  
D has t h e  dimensions of  a v e l o c i t y . )  
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I n  r e f e r e n c e  8 ,  0 was rep resen ted  by  embedding i t  i n  one-, 
t h ree - ,  s i x - ,  and twe lve -d imens iona l  spaces. I t  was found  t h a t  
i n c r e a s i n g  t h e  embedding dimension from t h r e e  t o  twe lve  had l i t t l e  
or no e f f e c t  on  t h e  c a l c u l a t e d  va lue  o f  t h e  Liapunov exponent.  
Here we adopt s i x  d imensions as g i v i n g  a s u f f i c i e n t l y  good 
r e p r e s e n t a t i o n  o f  D. That i s ,  we use t h r e e  v e l o c i t y  c m p o n e n t s  
a t  each o f  two p o i n t s  i n  p h y s i c a l  space as t h e  dimensions ( M  = 2 ) .  
Thus, embedding t h e  d i s t a n c e  between p e r t u r b e d  and unper tu rbed  
( %"') s o l u t i o n s  i n  a s i x -d imens iona l  space and p l o t t i n g  l o g  D/u  
a g a i n s t  d imens ion less  t i m e ,  we o b t a i n  f i g s .  12(a)  t o  ( c )  fo r  
x = 0.338, 0.4, and 1 .  The va lues  of l o g  D, on  t h e  average, 
i nc rease  l i n e a r l y  w i t h  t i m e ,  i n d i c a t i n g  t h a t  D i n c r e a s e s  
e x p o n e n t i a l l y .  That i s ,  i n i t i a l l y  n e i g h b o r i n g  s o l u t i o n s  d i v e r g e  
e x p o n e n t i a l l y  on  t h e  average.  Thus i t  appears t h a t  we can 
c h a r a c t e r i z e  these t h r e e  flows as c h a o t i c .  
The f a c t  t h a t  t h e  mean s lopes  of t h e  d i s t a n c e - e v o l u t i o n  cu rves  
a r e  c o n s t a n t  o v e r  a c o n s i d e r a b l e  range a l s o  a l l o w s  us t o  use our 
r e s u l t s  t o  o b t a i n  an e s t i m a t e  o f  t h e  Liapunov c h a r a c t e r i s t i c  
exponent.  The Liapunov c h a r a c t e r i s t i c  exponent u ( f o r  t imes  a f t e r  
i n i t i a l  t r a n s i e n t s  have d i e d  o u t )  i s  d e f i n e d  as6 
( 9 )  
f 
where t h e  D ( t )  a r e  va lues  o f  d i s t a n c e  between i n i t i a l l y  
n e i g h b o r i n g  s o l u t i o n s  t h a t  m i g h t  be o b t a i n e d  from F i g .  12. 
However, i f  t h e  va lues  o f  D were o b t a i n e d  from t h e  wavy cu rves  
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(a) Rea = 6.72 or x = 0.338. -1 O4 R lo6. Chaotic flow. 
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(b) Rea - 6.93 or X I  0.4. -IOs6< R < I O 4 .  Chaotic flow. 
Figure 12. - Semilogarithmic pbts showing evolution of distance 0 
between neighboring solutions. 
44 
- 1  
1'- ("/X$)t 
(c)R%=13,3orY= 1 .  -10-6<Rc 10*6.ChaoticIlow. 
 IO-^ 
1 o4 
D 
los5 0 10 20 30 40 50 60 70 80 90 100 
1'- (u/x$)t 
(d) Rea - 6.24 or X = 0.3. - lo4 c R < Simple periodic flow. 
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(e) Rea - 6.89 or Y = 0.35 Complex periodic flow. 
E 
(1) Separation dislance if phase point is perturbed only along 
trajectory. Rea - 6.24 or X - 0.3. Simple periodic flow. 
Figure 12. - Semilogarithmic plots showing evolulion 01 distance D 
between neighboring solutions. 
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(9) Separation distance if phase point is perturbed only along 
lrajectory. Rea - 6.89 orx = 0.35. Complex periodic How. 
Figure 12 concluded. 
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i n  F i g .  12, we wou 
o b t a i n  a reasonab l  
d have t o  go t o  v e r y  l a r g e  t imes i n  o r d e r  t o  
e s t i m a t e  f o r  U. Th is  would take  us o u t  o f  
t h e  r e g i o n  o f  e x p o n e n t i a l  g rowth  o f  D,  un less  D ( O >  w e r e  v e r y  
smal l  ( p r o b a b l y  below t h e  computer n o i s e  l e v e l ) .  One way o f  
g e t t i n g  around t h i s  d i f f i c u l t y  i s  t o  use a r e n o r m a l i z a t i o n  
procedure .  
For o u r  purposes i t  seems t h a t ,  s i n c e  t h e  mean s lopes  o f  t h e  
d i s t a n c e  e v o l u t i o n  curves  i n  F i g .  12 a r e  c o n s t a n t  ove r  a 
c o n s i d e r a b l e  range ,  t h e  b e s t  p rocedure  i s  t o  r e p l a c e  t h e  wavy 
curves  by s t r a i g h t  l i n e s  th rough  them. Then E q .  ( 9 )  i s  r e p l a c e d  by  
u = [ l n  (D,/Dal/(t - t a ) ,  (10) 
where t h e  va lues  o f  Dm and Da a r e  read  from t h e  s t r a i g h t  l i n e  
i n  each f i g u r e  a t  t imes  t and t a ,  r e s p e c t i v e l y .  The s t r a i g h t  
l i n e  i n  each f i g u r e  i s  drawn so t h a t  i t s  mean square d e v i a t i o n  
from t h e  wavy c u r v e  i s  a minimum; t h i s  p rocedure  shou ld  g i v e  a 
good e s t i m a t e  f o r  U. The va lues  o f  d imens ion less  u so o b t a i n e d  
for F i g s .  12(a)  t o  ( c )  a r e ,  r e s p e c t i v e l y ,  
(X;/V)U =: 0 .12 ,  0.35, and 2 .7 .  ( 1 1 )  
The v a l u e  2 . 7  agrees w i t h  t h a t  o b t a i n e d  fo r  t h e  same f low ( b u t  for  
a d i f f e r e n t  t i m e  o f  p e r t u r b a t i o n  and d i f f e r e n t  embedding 
d imens ion)  i n  r e f e r e n c e  8 .  The Liapunov exponents i n  Eq. ( 
g i v e  us a measure o f  t h e  mean e x p o n e n t i a l  r a t e  o f  d i ve rgence  
two i n i t i a l l y  n e i g h b o r i n g  s o l u t i o n s ,  or  o f  t h e  c h a o t i c i t y  o f  
f lows. The i m p o r t a n t  p o i n t  i s  t h a t  u i s  p o s i t i v e ,  i n d i c a t  
1 )  
o f  
t h e  
ng 
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. 
t h a t  these t h r e e  flows a r e  c h a o t i c . 6  
Reynolds number i nc reases  o i nc reases  ( f o r  c o n s t a n t  x o  and 
v ) ,  or t h e  flows become more c h a o t i c .  
I t  i s  no ted  t h a t  as t h e  
Plots o f  d imensionless D versus t* fo r  our two p e r i o d i c  
f l o w s  a r e  g i v e n  i n  F i g s .  12(d)  and ( e ) .  (Note two l o s t - d a t a  gaps 
i n  the  F i g .  12(e) cu rve . )  These p l o t s  a r e  q u a l i t a t i v e l y  d i f f e r e n t  
from those f o r  c h a o t i c  f l o w s .  I f  t h e y  were  n o t  
method f o r  c a l c u l a t i n g  Liapunov exponents would 
Whereas D f o r  c h a o t i c  f low inc reases  exponent 
average) f o r  about f o u r  o r d e r s  of magnitude u n t  
o f  course, o u r  
be i n  error.  
a l l y  (on t h e  
1 i t  i s  o f  t h e  
same o r d e r  as 
shows no tendency t o  i n c r e a s e  e x p o n e n t i a l l y .  Thus t h e  Liapunov 
exponent does n o t  show a tendency t o  be p o s i t i v e ,  as of  course i t  
should n o t ,  s i n c e  t h e  f low i s  n o t  c h a o t i c .  T h e o r e t i c a l l y  t h e  
l a r g e s t  Liapunov exponent,  t h e  one a s s o c i a t e d  w i t h  p e r t u r b a t i o n s  
a l o n g  a t r a j e c t o r y ,  should be z e r o  for  a p e r i o d i c  a t t r a ~ t 0 r . l ~  
U i ,  D fo r  t h e  p e r i o d i c  flows, on t h e  average, 
The f o l l o w i n g  s imp le  argument shows t h a t  t h e  l a r g e s t  Liapunov 
exponent f o r  a l i m i t  cycle i s  ze ro .  A l i m i t  c y c l e  i s  stable, so 
t h e  f l o w  must r e t u r n  t o  t h e  same p e r i o d i c  a t t r a c t o r  a f t e r  a 
p e r t u r b a t i o n .  That i s ,  t h e  t r a j e c t o r y ,  a l o n g  t i m e  a f t e r  
p e r t u r b a t i o n ,  must occupy t h e  same p o i n t s  i n  phase space as i t  d i d  
b e f o r e  p e r t u r b a t i o n .  So t h e  o n l y  p o s s i b l e  d i f f e r e n c e  between t h e  
p e r t u r b e d  and unper tu rbed  t r a j e c t o r i e s  i s  t h a t  t h e r e  may be a 
phase d i f f e r e n c e ;  a l t h o u g h  t h e  t r a j e c t o r y ,  a l o n g  t ime  a f t e r  
p e r t u r b a t i o n ,  must occupy t h e  same p o i n t s  i n  phase space as does 
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t h e  unper tu rbed  t r a j e c t o r y ,  i t  may do so a t  d i f f e r e n t  t imes .  A 
phase d i f f e r e n c e  i s  a l l o w a b l e  because o u r  dynamical  s y s t e m  s 
autonomous; t i m e  does n o t  appear on  t h e  r i g h t  s i d e  o f  E q .  ( ) .  
S ince  t h e  v e l o c i t y  components a r e  a l l  p e r i o d i c  i n  t i m e ,  D w i l l  be 
p e r i o d i c ,  as i n  F i g s .  1 2 ( f >  and ( g ) .  There t h e  l i m i t  c y c l e  i s  
p e r t u r b e d  a l o n g  i t s  t r a j e c t o r y  by  i n t r o d u c i n g  a smal l  phase 
d i f f e r e n c e  A t ;  t h e  d i s t a n c e  between n e i g h b o r i n g  s o l u t i o n s  i s  
c a l  c u l  a t e d  from 
= ( E [ u i ( x . , t  + A t )  - u . ( x . , t )  
Dphase i , j  J ' J  
(12)  
i n  p l a c e  o f  E q .  ( 8 ) .  Thus t h e  average D o v e r  a l ong  t i m e  has 
z e r o  s lope ,  so t h a t  f o r  a p e r i o d i c  f low, t h e  l a r g e s t  Liapunov 
exponent ( a s s o c i a t e d  w i t h  p e r t u r b a t i o n s  a l o n g  t h e  t r a j e c t o r y )  i s  
z e r o .  O t h e r  Liapunov exponents ( a s s o c i a t e d  w i t h  p e r t u r b a t i o n s  
normal t o  t h e  t r a j e c t o r y )  a r e  n e g a t i v e ,  s i n c e  t h e  f low i s  
a t t r a c t e d  t o  t h e  l i m i t  c y c l e .  Note t h a t  F i g s .  1 2 ( f )  and ( g )  do 
n o t  by  themselves, w i t h o u t  t h e  r e s t  of t h e  above argument, show 
t h e  wavy 
gs.  1 2 ( f >  and 
t h e  
t h  t h a t  near 
t h e  end o f  t h e  cu rve  i n  F i g .  12 (e ) .  So t h e  use o f  E q .  (12)  i s  a 
way o f  p r o d u c i n g  t h e  asympto t i c  D ' s  immed ia te l y  when i t  i s  known 
t h a t  t h e  asympto t i c  D ' s  a r e  t h e  r e s u l t  o f  a phase d i f f e r e n c e ,  or 
t h a t  t he  l a r g e s t  L iapunov 
curves  i n  F i g s .  12(d> and 
( g )  r e s p e c t i v e l y  fo r  v e r y  
wavy-curve shape i n  F i g .  
exponent i s  z e r o .  However 
( e >  do approach those i n  F 
l o n g  t i m e s .  I n  p a r t i c u l a r  
2 ( g >  i s  n e a r l y  i d e n t i c a l  w 
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of  a p e r t u r b a t i o n  a 
p e r t u r b a t i o n s  norma 
and ( g ) .  
ong the  t r a j e c t o r y .  The e f f e c t s  o f  
to t h e  t r a j e c t o r y  a r e  absent i n  F i g s .  1 2 ( f >  
E.  C h a r a c t e r i z a t i o n  of t h e  f low fo r  x = 0.338 
The f a c t  t h a t  t h e  flows fo r  F i g s .  12(b)  and ( c )  a r e  c h a o t i c  
m i g h t  be expected from t h e  l a c k  o f  a p a t t e r n  i n  t h e  t i m e  s e r i e s ,  
phase p o r t r a i t s ,  and P o i n c a r i  s e c t i o n s  f o r  those f lows.  On t h e  
o t h e r  hand t h e  f low f o r  F i g .  12(a) ( X  = 0.338) has b o t h  c h a o t i c  
and q u a s i p e r i o d i c  f e a t u r e s ,  as shown p a r t i c u l a r l y  by t h e  Po inca r6  
s e c t i o n s  i n  F i g s .  l l ( b )  and ( c ) .  ( A  f low fo r  x = 0.341 ( n o t  
shown) a l s o  has those f e a t u r e s . )  Because o f  t h e  p o s i t i v e  Liapunov 
exponent o f  t h e  flow fo r  x = 0.338 i n  F i g .  12(a) we c l a s s i f y  t h a t  
f low as c h a o t i c .  B u t  we shou ld  d i f f e r e n t i a t e  between t h e  
x = 0.338 flow ( F i g s .  l l ( b )  and ( c ) )  and t h e  flows for x = 0.4 and 
1 ( F i g s .  l l ( e >  to  ( h ) )  because o f  t h e  q u a l i t a t i v e  d i f f e r e n c e  
between t h e i r  P o i n c a r i  s e c t i o n s .  S ince  t h e  P o i n c a r i  s e c t i o n s  
t h e  x = 0.338 f low do n o t  show a complete l a c k  o f  p a t t e r n ,  we 
i t  weak y c h a o t i c  t o  d i s t i n g u i s h  i t  from t h e  x = 0 . 4  and 1 f 
wh ich  we c a l l  f u l l y  c h a o t i c  or s i m p l y  c h a o t i c .  
F .  C h a o t i c  versus t u r b u l e n t  f lows 
f o r  
c a l l  
ow s 
T h i s  leads  us to  a p o s s i b l e  d i s t i n c t i o n  between flows which  
a r e  c h a o t i c  and those which, i n  a d d i t i o n ,  m i g h t  be c a l l e d  
t u r b u l e n t .  Perhaps one shou ld  r e s e r v e  the  te rm " t u r b u l e n t "  f o r  
flows wh ich  have b o t h  a p o s i t i v e  Liapunov exponent and Po inca r6  
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t ime-dependent flows cons ide red  he re ,  b o t h  t u r b u  
n o n t u r b u l e n t ,  t h e  skewness f a c t o r  d i d  n o t  v a r y  s 
t h a t  g i v e n  i n  Eq. ( 7 ) .  Even f o r  t h e  f i x e d - p o i n t  
s e c t i o n s  w i t h  a l a c k  o f  p a t t e r n ,  as have those for x = 0 .4  and 
1 .  On t h e  o t h e r  hand c h a o t i c  flows ( a l b e i t  weakly c h a o t i c )  m i g h t  
have o n l y  a p o s i t i v e  Liapunov exponent.  
Another c h a r a c t e r i s t i c  which i s  o f t e n  g i v e n  as i n d i c a t i v e  o f  
t u r b u l e n c e  i s  a n e g a t i v e  skewness f a c t o r  S o f  t h e  v e l o c i t y  
d e r i v a t i v e ,  where u s u a l l y  - 1  < S < O.I2 However, f o r  t h e  
e n t  and 
g n i f i c a n t l y  from 
f low ( F i g s .  9 ( a )  
and 1 0 ( a > >  t h e  v a l u e  of S was about  -0.25. Thus a l t h o u g h  a 
n e g a t i v e  S i s  necessary  fo r  t h e  presence o f  t u r b u l e n c e ,  i t  i s  
c e r t a i n l y  n o t  a s u f f i c i e n t  i n d i c a t o r .  A n e g a t i v e  S i n  f a c t  
seems t o  be more an i n d i c a t o r  o f  n o n l i n e a r i t y  t han  o f  t u r b u l e n c e .  
A l l  o f  t h e  f lows he re  a r e  h i g h l y  n o n l i n e a r .  
G. Power s p e c t r a  
Power s p e c t r a  g i v e  t h e  d i s t r i b u t i o n  w i t h  f requency  o f  t h e  
We o b t a i n  t h e  s p e c t r a  by  comput ing t h e  f a s t  energy  i n  a f low. 
t i m e  s e r i e s  fo r  t h e  v e l o c i t y  components. 
e va lues  o f  those  t r a n s f o r m s  a r e  t h e n  
e s s  f requency. The r e s u l t s  a r e  g i v e n  i n  
F o u r i e r  t r a n s f o r m s  o f  t h e  
The squares o f  t h e  a b s o l u  
p l o t t e d  a g a i n s t  d imens ion  
F i g .  13. 
Two types  o f  s p e c t r a  a r e  i n d i c a t e d - d i s c r e t e  f o r  t h e  p e r i o d i c  
flows and con t inuous  f o r  t h e  c h a o t i c  ones. However t h e  s p e c t r a  do 
n o t  appear a b l e  t o  d i s t i n g u i s h  q u a l i t a t i v e l y  between t h e  weakly 
c h a o t i c  ( F i g .  1 3 ( b ) >  and t h e  f u l l y  c h a o t i c  f lows ( F i g s .  13(d)  and 
4 
, 
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Figure 13. - Power Spectra. 
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(e)). In that respect they are less sensitive indicators than are 
the Poincar6 sections. If one considers the discrete and 
continuous spectra separate y, then higher frequency components 
become excited as the Reyno ds number increases (as x increases). 
In the case of the discrete spectra, the simple periodic flow 
( F i g .  13(a>> requires only four spectral components to represent 
u 2 ,  whereas the much more complex periodic flow (Fig. 13(c)) 
requires 36 nonnegligible components. 
frequencies of the components are related to one another as ratios 
of integers (one fundamental frequency in each case). 
In both cases the 
H .  D i m e n s i o n s  o f  the attractors 
A s  a final characterization o f  our Navier-Stokes flows, we 
consider the dimensions of the attractors on which the flows 
reside. The dimension of a space gives, in general, the number of 
quantities required to specify the position of a point in the 
space; e.g., one 
required to spec 
physi cal space. 
two, or three coordinates are respectively 
fy a point in a one-, two-, or three-dimens 
The same applies to an n-dimensional phase 
onal 
space, or to an attractor which is a portion of the phase space. 
The attractor is generally of lower dimension than that of the 
phase space because of the shrinking of volumes in the phase space 
of a dissipative system. It is partly this possibility of a 
decreased dimension of the attractor, and consequent simplification 
of the problem (in principle), which makes calculation of dimension 
an interesting pursuit. The dimension can be considered the lower 
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. 
bound on t h e  number o f  e s s e n t i a l  v a r i a b l e s  needed to d e s c r i b e  the  
dynamics o f  a s y s t e m . l 5  U n f o r t u n a t e l y  i t  i s  u s u a l l y  d i f f i c u l t  t o  
o b t a i n  r e 1  i a b l e  e s t i m a t e s  of  t h a t  q u a n t i t y .  
A s  mentioned i n  s e c t i o n  111.6,  t h e  dimensions o f  o u r  
f i x e d - p o i n t  and p e r i o d i c  a t t r a c t o r s  a r e  r e s p e c t i v e l y  z e r o  and one; 
a p o i n t  i n  any space i s  zero-d imens iona l  and a c l o s e d  l i n e ,  no 
m a t t e r  how comp l i ca ted  i t s  shape, i s  one-dimensional  i f  t h e  optimum 
c o o r d i n a t e  s y s t e m  o r  b a s i s  f u n c t i o n  i s  used (see d i s c u s s i o n  i n  
s e c t i o n  I I 1 . B ) .  
One m i g h t  q u e s t i o n  why more than one s p e c t r a l  component i s  
r e q u i r e d  i n  F i g s .  13(a) and ( c )  for t h e  r e p r e s e n t a t i o n  o f  
one-dimensional  p e r i o d i c  a t t r a c t o r s .  However t h e  need fo r  more 
than  one component i n  those r e p r e s e n t a t i o n s  means only t h a t  t h e  
b a s i s  f u n c t i o n s  used t h e r e ,  s ines  and cos ines ,  a r e  not optimum for 
those cases. I n  t h e  case o f  o u r  complex p e r i o d i c  f l q w  ( F i g .  1 3 ( c ) >  
i t  would be necessary t o  use an ex t reme ly  comp l i ca ted  basts 
f u n c t i o n  f o r  one-spectral-component rep resen ta t i on -mos t  l i k e l y  a 
b a s i s  f u n c t i o n  rep resen ted  n u m e r i c a l l y  r a t h e r  than  by  an a n a l y t i c a l  
f u n c t i o n .  
We a lso  a t tempted  to  c a l c u l a t e  t h e  p o i n t w i s e  d imens lons  of our 
c h a o t i c  or  s t r a n g e  a t t r a c t o r ~ . ~ * $ ~ ~  
been a b l e  t o  o b t a i n  a l o n g  enough t i m e  s e r i e s  f o r  t h e  d imens ion  t o  
I n  t h a t  a t t e m p t  we have n o t  
become independent  o f  t i m e - s e r i e s  l e n g t h .  Thus, a l l  we can say 
w i t h  c e r t a i n t y  i s  t h a t  t he  d imens ion  must be g r e a t e r  than 2; i f  i t  
were n o t ,  t r a j e c t o r i e s  for o u r  c h a o t i c  flows would c ross  i n  phase 
space. They cannot  cross fo r  an autonomous system because i f  t h e y  
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f o l d i n g  can be seen i n  t h e  phase p o r t r a i t  ( F  
t h e  a t t r a c t o r  were many-dimensional ,  s t r e t c h  
occu r  i n  many d i r e c t i o n s  and, because o f  t h e  
d i d ,  t h e r e  would be more than one t r a j e c t o r y  for  t h e  same 
c o n d i t i o n s  ( a t  t h e  p o i n t  where t h e  t r a j e c t o r i e s  c ross) ,  and t h e  
prob lem would n o t  be d e t e r m i n i s t i c .  
One m igh t  expec t  t h a t  f o r  o u r  weakly c h a o t i c  f low t h e  
dimension would be o n l y  s l i g h t l y  g r e a t e r  t han  2 because apparen t  
gs.  l O < j )  and ( m ) ) ;  i f  
ng and f o l d i n g  would 
r e s u l t i n g  c o n f u s i o n ,  
c o u l d  n o t  be d i s c e r n e d  i n  a two-dimensional  p l o t .  That i s  
a p p a r e n t l y  what happens f o r  t h e  f u l l y  c h a o t i c  flows ( F i g s .  1 O ( s >  
t o  ( v > > .  There t h e  d imens ion  must be s i g n i f i c a n t l y  g r e a t e r  than  
n l y  p r e s e n t ,  i s  
confused appearance o f  
he d imens ion  o f  t h e  
a t t r a c t o r  shou ld  be l i m i t e d  by  t h e  o v e r a l l  sh r inkage  o f  volumes i n  
phase space. 
2; s t r e t c h i n g  and f o l d i n g ,  a l t h o u g h  c e r t a  
many-dimensional, so t h a t  t h e  r e s u l t  i s  a 
t h e  phase p o r t r a i t .  However, even t h e r e  
. 
IV. TURBULENT ENERGY TRANSFER AND TURBULENT DISSIPATION 
Thus far we have used only the unaveraged equations of motion, 
those being the most useful for analyzing turbulence by using tools 
of nonlinear dynamics. On the other hand, for discussing the 
transfer of energy between wavenumbers or between directional 
components, or turbulent dissipation, averaged or moment equations 
have traditionally been used.l Here we will use both averaged and 
unaveraged equations. Spectral transfer by nonlinear self- 
interaction and by the interaction o f  turbulence with a mean 
velocity gradient, as well as directional transfer o f  energy, and 
turbulent dissipation, are central t o  the nature of  turbulence and 
so are discussed here. 
First we show that energy transfer and dissipatlon are 
generic in Navier-Stokes turbulence, where the turbulence can be 
statistically homogeneous or inhomogeneous. 
dissipative, since the Navier-Stokes equations form a dissipative 
system. But it requires some analysis to show that energy 
transfer, particularly spectral transfer in nonhomogeneous 
turbulence, is generic.17 
Turbulence must be 
We write the incompressible Navier-Stokes equation at two 
points P and P '  separated by the vector r (see Fig. 14). I f  
we break the instantaneous velocity and pressure into mean and 
fluctuat ng components, we can construct the following two-point 
correlat orl equation:17 
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- - a -  u u u '  - -- a -  u . u ! u '  - (2 + 3 7 ) .  (*q + a 2 q 9  
a x k  i k j axl; 1 J k a x k a X k  a x l ; a x i  1 
(13)  
where the  s u b s c r i p t s  can take  on t h e  va lues  1 ,  2 ,  or 3 ,  and a 
repea ted  s u b s c r i p t  i n  a te rm i n d i c a t e s  a summation on t h e  
s u b s c r i p t .  The unprimed q u a n t i t i e s  a r e  measured a t  p o i n t  P, and 
t h e  pr imed q u a n t i t i e s  a t  P I ,  as i n  F i g .  14. The ove rba r  
des igna tes  an averaged q u a n t i t y .  The q u a n t i t y  U i  i s  a 
f l u c t u a t i n g  v e l o c i t y  component ( U i  = O), U i  i s  a mean v e l o c i t y  
component, p i s  t h e  f l u c t u a t i n g  p ressu re ,  p i s  t h e  d e n s i t y ,  v 
i s  t h e  k i n e m a t i c  v i s c o s i t y ,  X i  i s  a space c o o r d i n a t e ,  and t i s  
t h e  t i m e .  R e f e r r i n g  t o  F i g .  14, 
x + r = x ' ,  x + n r  = Xn, 
from which 
Xn = n x '  + ( 1  - n ) x .  
I n  s u b s c r i p t  n o t a t i o n ,  
r k  = xk - Xk, ( 1 4 )  
and 
(Xk)n  = nxk t ( 1  - n )Xk ,  (15 )  
where n i s  a number between 0 an3 1 .  By u s i n g  Eqs. (14 )  and 
( 1 5 )  and the  r u l e s  f o r  p a r t i a l  d i f f e r e n t i a t i o n ,  we o b t a i n  
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= ( 1  - n)  - a - - a , 
axk a ( x k I n  ark 
and 
( 1 6 )  
(17)  
Equat ions  (16) and ( 1 7 )  a r e  used t o  t rans fo rm,  excep t  i n  t h e  
l a s t  two t e r m s ,  t h e  independent v a r i a b l e s  i n  Eq. (13) from xk and 
(18 )  
where t h e  two terms c o n t a i n i n g  a la(xk>n a r e ,  r e s p e c t i v e l y ,  t h e  
d i f f u s i o n  and c o n v e c t i o n  terms, P i j  i s  t h e  p r o d u c t i o n  te rm,  and 
t h e  l a s t  two t e r m s  a r e  r e s p e c t i v e l y  t h e  p ressu re  and d i s s i p a t i v e  
te rms.  
Cons ider  t h e  f i rs t  te rm on t h e  r i g h t  s i d e  o f  Eq. ( 1 8 > ,  t h e  
t u r b u l e n c e  s e l f - i n t e r a c t i o n  t e r m .  We can w r i t e  
a - - -  [l T i  j ( ~ , x  ) e x p ( i K - r ) d K ,  (19 )  n ( u . u ! u '  - u u u ' )  = - - ark 1 j k  i k j  
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where T i j  i s  t h e  th ree -d imens iona l  F o u r i e r  t r a n s f o r m  o f  
- ( a / a r k ) ( u . u ! u '  - u .u  u ! ) ,  IC i s  t h e  wavenumber v e c t o r ,  and 
dk  = d ~ ~ d ~ ~ d ~ ~ .  
a ( u . u ! u '  - uiuku;)/ark for an inhomogeneous f i e l d  should be 
a b s o l u t e l y  i n t e g r a b l e  o v e r  r i n  o r d e r  for  i t s  F o u r i e r  t r a n s f o r m  
t o  e x i s t .  Moreover, i f  a w a l l  i s  p r e s e n t  i n  t h e  f low, a f i n i t e  
F o u r i e r  t r a n s f o r m  w i t h  r e s p e c t  t o  t h e  component o f  r normal to  
t h e  w a l l  should be used. We want to  determine whether T i j  can 
be i n t e r p r e t e d  as a s p e c t r a l - t r a n s f e r  term.  To t h i s  end we s o l v e  
Eqs. ( 1 7 )  and (16)  for a/ark and w r i t e  Eq. (19)  as 
-
i j k  i k j  
A s  i n  a homogeneous t u r b u l e n t  v e l o c i t y  f i e l d ,  
-
1 J k  
a -  a -  u i u k u i  >exp ( iK . r )dK  = - - u.u!u '  + - ark 1 J k a rk  
where t h e  c o n t i n u i t y  c o n d i t i o n  aUk/aXk = 0 and the  f a c t  t h a t  
q u a n t i t i e s  a t  one p o i n t  a r e  independent o f  t h e  p o s i t i o n  o f  t h e  
o t h e r  p o i n t  were used. Equa t ion  (20)  becomes, f o r  r = 0, 
(21 )  a -  a -  = - -  a x k  ' i U j U k  + -  a x k  UiUjUk = 0, 
62 
s ince ,  for  
inhomogeneous t u r b u l e n c e ,  T i j ,  when i n t e g r a t e d  o v e r  a l l  wavenumbers, 
g i v e s  z e r o  c o n t r i b u t i o n  t o  t h e  r a t e  o f  change o f  
and ( 1 9 ) ) .  
U i U j  (energy f o r  
r = 0, xk = x i  = ( K i l n .  The re fo re ,  even for a genera l  
U i U j  (see E q s .  (18)  
Thus, T i j ( K , X n >  can o n l y  t r a n s f e r  F o u r i e r  components o f  
i=j> f r o m  one p a r t  o f  wavenumber space t o  ano the r .  
The second te rm on t h e  r i g h t  s i d e  o f  Eq .  (18 ) .  i n  c o n t r a s t  
w i t h  t h e  f i rst  (wh ich  produces t u r b u l e n c e  s e l f - i n t e r a c t i o n ) ,  i s  
a s s o c i a t e d  w i t h  t h e  i n t e r a c t i o n  o f  t h e  t u r b u l e n c e  w i t h  t h e  meam 
flow. However, b o t h  terms a r e  r e l a t e d  t o  t r a n s f e r  t e r m s .  We can 
w r i t e  
03 
- t U i  - uk) % a -  uiu; = T l j ( u , x n ) e x p ( i r . r ) d u ,  (22)  
* - 
where T. . (u ,xn)  i s  t h e  F o u r i e r  t r a n s f o r m  of  - t U i  - U k ) ( a / a r k h i u j  
' J  
L e t t i n g  r = 0, E q .  (22 )  becomes 
Uk. Thus, as i n  t h e  case o f  T . . ( u , x n ) ,  1 J  
s i n c e ,  f o r  
T?.(u,x,) g i v e s  z e r o  t o t a l  c o n t r i b u t i o n  t o  t h e  r a t e  o f  t h e  change 
o f  u.u (energy f o r  i = j )  and can o n l y  a l t e r  t h e  d i s t r i b u t i o n  i n  
wavenumber space o f  c o n t r i b u t i o n s  t o  u .u  We first i n t e r p r e t e d  
r = 0, UI; = 
1J - 
1 j  - 
1 j '  
and c a l c u l a t e d  T ? . ( k )  as a t r a n s f e r  t e r m  f o r  homogeneous t u r b u l e n c e  
i n  r e f e r e n c e  18. 
m o d i f i c a t i o n  o f  homogeneous t u r b u l e n c e  by u n i f o r m  mean g r a d i e n t s ,  
b u t  does n o t  show t h a t  
T i j  
i s  s p e c i f i c a l l y  a s p e c t r a  - t r a n s f e r  
t e r m . )  
1 J  
( C r a y a l g  a l s o  d i scusses ,  i n  a genera way, t h e  
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t r a n s f e r ,  d i f f u s  
n e x t  t o  the  l a s t  
c o n t i n u i t y  equat 
The f i r s t  two t e r m s  on t h e  r i g h t  s i d e  o f  Eq. (18) appear t o  
be the  o n l y  ones a s s o c i a t e d  w i t h  s p e c t r a l  t r a n s f e r .  The o t h e r  
t e r m s  a r e  i n t e r p r e t a b l e  as p r o d u c t i o n ,  convec t i on ,  d i r e c t i o n a l -  
on, and d i s s i p a t i o n  terms. I n  p a r t i c u l a r  t h e  
t e r m  i s  t h e  d i r e c t i o n a l - t r a n s f e r  term; u s i n g  t h e  
on a t  t h e  p o i n t s  P and P '  and s e t t i n g  i = j 
shows t h a t  t he  t e r m  g i v e s  z e r o  c o n t r i b u t i o n  t o  t h e  r a t e  o f  change 
o f  U j U i ,  b u t  i t  can t r a n s f e r  energy among t h e  d i r e c t i o n a l  
components o f  U i u i  (among u l u l ,  u2u2, and ~ 3 ~ 3 ) .  F i n a l l y  t h e  
l a s t  t e r m ,  which i s  p r o p o r t i o n a l  to  t h e  v i s c o s i t y ,  i s  t h e  
d i s s i p a t i o n  t e r m .  
- 
- -- - 
N e x t  we want t o  show how s p e c t r a l  t r a n s f e r  can t a k e  p l a c e  by 
For o u r  purposes we c o n s i d e r  u s i n g  r e s u l t s  from s imp le  ana lyses .  
e s t  c l o s u r e  scheme, t h e  c o r r e l a t i o n - t e r m - d i s c a r d  c l o s u r e .  
t h a t  sys temat i c  procedure t h e  i n f i n i t e  s e t  o f  m u l t i p o i n t  
on equa t ions  i s  made d e t e r m i n a t e  by n e g l e c t i n g  t h e  
h i g h e s t - o r d e r  t e r m s  i n  t h e  h i g h e s t - o r d e r  e q u a t i o n s  
cons i dered . * 9 20-22 
A .  Homogeneous t u r b u l e n c e  w i t h  no mean g r a d i e n t s  
t h e  simp 
I n  u s i n g  
c o r  r e  1 a t  
For t h i s  case we f i rs t  use t h e  two-po in t  e q u a t i o n  ( 2 6 )  from 
r e f e r e n c e  20. That e q u a t i o n  was o b t a i n e d  by n e g l e c t i n g  t h e  
q u a d r u p l e - c o r r e l a t i o n  t e r m s  i n  t h e  t h r e e - p o i n t  c o r r e l a t i o n  
e q u a t i o n .  Thus, we g e t ,  fo r  t h e  approach t o  t h e  f i n a l  p e r i o d  of 
decay ( f o r  weak t u r b u l e n c e ) ,  
- dE + ~ V K  2 E = T ,  
d t  ( 2 4 )  
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where 
and where 
The q u a n t i t y  E 
t o t a l  t u r b u l e n t  energy uiui /2 by 
i s  t h e  energy spectrum f u n c t i o n ,  r e l a t e d  t o  t h e  
- 
and T ( K )  i s  t h e  energy t r a n s f e r  f u n c t i o n ,  which equa ls  T ( K ) / ~  
i n t e g r a t e d  o v e r  a l l  d i r e c t i o n s  (see Eq. ( 1 9 ) ) .  The te rm - 2 v ~ ~ E  
i s  t h e  d i s s i p a t i o n  te rm.  The q u a n t i t i e s  Bo and t o  a r e  
cons tan ts  de termined by t h e  i n i t i a l  c o n d i t i o n s .  Then, c a r r y i n g  
o u t  t h e  i n t e g r a t i o n  i n  Eq. (25)  g i v e s  
2 Bo exp [ - 3 / 2 ~  d t  - to)] 256 
6 
K 
912 105 ( t  - to) 
12 
( t  - to) 7 / 2  ( t  - to) 5'2 ( t  - IC to) 3 / 2 1 >  ( 2 8 )  
10 
IC 
8 
- 3  + 45 --- 19 -K 
and i n t e g r a t i o n  o f  Eq. (24 )  g i v e s ,  w i t h  a p a r t i c u l a r  s e t  o f  i n i t i a l  
condi  t i o n s , 2 0  
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4 1 1 2  
2 exp C - 3 1 2 ~  v(t - toll exp C - ~ V K  (t - to)] - 256~ E = -  JOK 2 ll Bo 3n 
10 1 5 6  K - 7 f i  K 1 2 6  K 8 
312 
6 
712 V5l2 (t - to) 
+ 16fi ic12 112 - 3 2 tcl3F[r." I ")]'I] (29) 
3V1I2 (t - to) 
where 
and where J O  is a constant determined by the initial conditions. 
Values of F ( d  are tabulated by Miller and Gord0n.~3 The first 
term o n  the right side of Eq.  (29) is the usual expression for E 
in the final period of decay. The last term i s  the contribution 
t o  E due t o  energy transfer. 
Figure 15 shows the evolution of calculated energy spectra, 
where the dimensionless E *  = Jo1/3E1v8/3 is plotted against 
K* = J o ~ / ~ K / v ~ / ~ .  The wavenumber K has the dimension lllength 
and can be considered as the reciprocal of an eddy size. Large 
wavenumbers therefore correspond t o  small eddies and small 
wavenumbers, to large eddies. Equation (27) shows that E 
represents the distribution of contributions t o  the total energy 
from various wave numbers or eddy sizes. A s  time increases,the 
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b u l k  o f  t h e  energy moves t o  s m a l l e r  wavenurpber7 or to  l a r g e r  
eddies.  The h i g h  v e l o c i t y  g r a d i e n t s  and, consequent ly ,  h i g h  shear 
s t resses  o c c u r r i n g  i n  t h e  s m a l l e r  eddies cause them t o  d i s s i p a t e  
more r a p i d l y  than  t h e  l a r g e r  ones. 
t e r m  - 2 d E  i n  Eq. (24 )  a l s o  shows t h a t  t h e  d i s s i p a t i o n  shou ld  be 
h i g h e r  a t  t h e  h i g h e r  wavenumbers. 
produces a s i n k  for t h e  energy a t  t h e  h i g h e r  wavenumbers. 
The f o r m  o f  t h e  d i s s i p a t i o n  
The v i scous  d i s s i p a t i o n  thus  
Also g i v e n  i n  F i g .  15 i s  a comparison between s p e c t r a  f o r  
t i m e s  b e f o r e  t h e  f i n a l  p e r i o d  as o b t a i n e d  from Eq. (29), and those  
f o r  t he  f i n a l  p e r i o d  o f  decay o b t a i n e d  by n e g l e c t i n g  t h e  terms i n  
b r a c k e t s  i n  Eq. (29 ) .  The d i f f e r e n c e  i s ,  of course,  caused by t h e  
t r a n s f e r  o f  energy from low wavenumbers t o  h i g h e r  ones by t h e  
t r a n s f e r  t e r m  T i n  Eq.  ( 2 4 ) .  The energy t r a n s f e r r e d  tends to  
f i l l  t h e  s i n k  produced by d i s s i p a t i o n  a t  t h e  h i g h e r  wavenumbers. 
That causes t h e  s lopes on t h e  h i g h  wavenumber s i d e s  o f  t h e  s p e c t r a  
t o  be more gradual  t han  i n  t h e  f i n a l  p e r i o d .  The e f f e c t  i s  a l s o  
observed exper imen ta l  l y .  
The e f f e c t  o f  the  t r a n s f e r  t e r m  on t h e  energy spec t rum m i g h t  
be summarized by s a y i n g  t h a t  i t  e x c i t e s  the  h i g h e r  wavenumber 
r e g i o n s  o f  t h e  spectrum by t r a n s f e r r i n g  energy i n t o  those r e g i o n s .  
The h i g h  wavenumber p o r t i o n  o f  the  spectrum i s  thus  de te rm ined  
p r i m a r i l y  by i n e r t i a  e f f e c t s ,  whereas t h e  low wavenumber p o r t i o n  
i s  determined by t h e  v i s c o u s  terms i n  t h e  e q u a t i o n s .  T h i s  may 
seem t o  c o n t r a d i c t  what we s a i d  b e f o r e ,  where we ment ioned t h a t  
v i scous  d i s s i p a t i o n  i s  h i g h e s t  i n  t h e  h i g h  wavenumber r e g i o n .  
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However, t h e  smal l  edd ies  owe t h e i r  e x i s t e n c e  i n  t h e  f i r s t  p l a c e  
to  t h e  t r a n s f e r  o f  energy  i n t o  t h a t  r e g i o n ,  t h a t  i s ,  to  i n e r t i a  
e f f e c t s .  
f i g u r e  16 shows t h e  d imens ion less  energy t r a n s f e r  t e rm T*  
(see Eq. ( 2 4 ) )  p l o t t e d  a g a i n s t  IC* f o r  seve ra l  va lues  o f  
t, - t o * .  
wavenumber band from a l l  o t h e r  wavenumbers (see E q .  ( 2 5 ) ) .  The 
curves i n d i c a t e  n e t  energy loss from energy bands a t  low 
wavenumbers and an energy  g a i n  t o  those a t  h i g h e r  wavenumbers. 
The t o t a l  a rea  under each curve  i s  ze ro ,  i n  agreement w i t h  
Eq. (21> ,  thus  i n d i c a t i n g  t h a t  t h e  t o t a l  c o n t r i b u t i o n  o f  T t o  
a U i U i / a t  i s  z e r o  (see E q s .  ( 2 4 )  and (27)). I t  shou ld  be 
emphasized t h a t  T r e p r e s e n t s  a d i f f e r e n c e  between t h e  energy  
f l o w i n g  i n t o  and o u t  o f  a wavenumber band. 
t r a n s f e r  a t  a p o i n t  where T i s  low or z e r o  may be q u i t e  h i g h ,  as 
w i l l  be shown. 
The t r a n s f e r  t e r m  g i v e s  the  n e t  energy t r a n s f e r  i n t o  a 
- 
The a c t u a l  energy  
Equa t ion  (25)  shows t h a t  P ( K , K ' )  g i v e s  t h e  d i s t r i b u t i o n  o f  
c o n t r i b u t i o n s  t o  T ( K >  from v a r i o u s  wavenumbers I C ' .  Accord ing  t o  
t h e  p r e s e n t  a n a l y s i s  P ( K , I c ' )  i s  g i v e n  by E q .  ( 2 6 ) .  
I n  F i g .  17 we p l o t  d imens ion less  P a g a i n s t  I C ' / I C  f o r  va lues  
o f  K [ v ( t  - co r respond ing  t o  T a maximum and t o  T = 0. 
The curves  i n d i c a t e  t h a t  t he  energy  e n t e r i n g  a wavenumber band a t  
IC comes from a range o f  wavenumbers I C '  (or eddy s i z e s )  r a t h e r  
than p r i m a r i l y  from n e i g h b o r i n g  wavenumbers. 
passes t o  a range o f  wavenumbers. 
S i m i l a r l y  t h e  energy  
Thus t h e  energy  i n  genera l  i s  
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Figure 17. - Plots showing contributions to energy transfer at K from various wave numbers t. 0- - 
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f 
t r a n s p o r t e d  between wavenumber bands t h a t  a r e  separated.  
t r a n s p o r t  m i g h t  occu r  by a b r e a k i n g  up o f  l a r g e  eddies i n t o  s m a l l e r  
ones. 
energy e n t e r i n g  a wavenumber band a t  IC, t h e  n e g a t i v e  a rea  to  t h e  
t o t a l  energy l e a v i n g .  The cu rve  f o r  T = 0 i n d i c a t e s  a 
c o n s i d e r a b l e  amount o f  energy e n t e r l n g  and l e a v i n g  a t  IC, a l t h o u g h  
t h e  n e t  energy g a i n  i s  z e r o .  
T h i s  
The p o s i t i v e  a rea  under each cu rve  corresponds t o  t h e  t o t a l  
F igu res  15 t o  17 g i v e  a p i c t u r e  o f  t h e  energy t r a n s f e r  i n  t h e  
weak t u r b u l e n c e  b e f o r e  t h e  f i n a l  p e r i o d  o f  decay. F i g u r e  18 g i v e s  
t h e  r e s u l t s  o f  an approx imate  c a l c ~ l a t i o n 2 ~  o f  c o n t r i b u t i o n s  
P ( I C , I C '  ) t o  exper imen ta l  energy t r a n s f e r  T ( K )  . Z 5  The t u r b u l e n c e  
i s  s t r o n g e r  than  t h a t  b e f o r e  t h e  f i n a l  p e r i o d .  S t i l l  s t r o n g e r  
t u r b u l e n c e 2 4  g i v e s  s i m i l a r  r e s u l t s .  
t h i s  e x p e r i m e n t a l l y  based c a l c u l a t i o n  jumps much g r e a t e r  spans o f  
I C ' / I C  t han  occu r  i n  F i g .  17. C o n t r i b u t i o n s  to t h e  n e t  energy 
t r a n s f e r  a t  
I C i .  
s i g n i f i c a n t l y  d i f f e r e n t  f r o m  z e r o  o n l y  when I C ' / I C  i s  c l o s e  t o  
one. I n  F i g .  18, where t h e  energy e n t e r i n g  a wavenumber r e g i o n  
( p o s i t i v e  P )  dominates t h a t  l e a v i n g  ( n e g a t i v e  P ) ,  much of  t h e  
energy e n t e r i n g  comes f r o m  wavenumbers ICi t h a t  a r e  about  an 
o r d e r  o f  magnitude lower  t h a n  IC. On t h e  o t h e r  hand, when t h e  
dominant t r a n s f e r  i s  n e g a t i v e  ( n o t  shown) much o f  t h e  energy i s  
passed on ( jumps) t o  l a r g e  
We n o t e  t h a t  t h e  energy for 
IC a r e  d i s t r i b u t e d  ove r  a wide range o f  wavenumbers 
I f  t h e  energy t r a n s f e r  were p r i m a r i l y  l o c a l ,  P ( K , t c i )  would be 
I C ' .  2 4  
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t 
The tendency o f  t h e  energy to  jump between wavenumber r e g i o n s  
t h a t  a r e  separated appears t o  be i n  accord w i t h  t h e  i d e a l  t h a t  t h e  
tu rbu lence  tends t o  form concen t ra ted  r e g i o n s  o f  l a r g e  v e l o c i t y  
g r a d i e n t s .  
F i g .  5 ) .  Thus when a low wavenumber eddy becomes u n s t a b l e  and 
forms a r e g i o n  o f  l a r g e  v e l o c i t y  g r a d i e n t s ,  t h e r e  w i l l  be a 
t r a n s f e r  o f  energy from a low t o  much h i g h e r  wavenumbers. 
Th s tendency occu rs  even a t  low Reynolds numbers (see 
I t  seems p o s s i b l e  t h a t  t h e  u n i v e r s a l  e q u i l i b r i u m  t h e o r y 1  
m i g h t  a p p l y  i n  t h e  presence o f  a r a t h e r  h i g h  degree o f  non loca lness  
o f  the  s p e c t r a l  energy t r a n s f e r ,  i f  t h e  Reynolds number o f  t h e  
t u r b u l e n c e  i s  v e r y  h i g h .  I n  t h a t  case, t h e  energy spec t rum extends 
o v e r  many decades o f  wavenumbers. 
i n  which much o f  t h e  energy i s  passed from low to  h i g h  wavenumbers 
about a decade a t  a t i m e .  However t h e  t u r b u l e n c e  Reynolds number 
r e q u i r e d  t o  make t h e  smal l  eddies independent o f  t h e  l a r g e  ones 
would have t o  be l a r g e r  than  i f  t h e  energy t r a n s f e r  were more 
l o c a l .  
Thus, t h e r e  c o u l d  be a cascade 
A s  a f i n a l  no te  on n o n l i n e a r  s p e c t r a l  t r a n s f e r  by t u r b u l e n c e  
s e l f - i n t e r a c t i o n ,  we show t h a t  t h e  p r o d u c t i o n  o f  smal l  edd ies  by 
t h a t  mechanism can a c t u a l l y  t a k e  p l a c e .  
unaveraged Navier -Stokes equa t ions  (Eqs. ( 1 )  and ( 2 ) > ,  b u t  omit 
t h e  f o r c i n g  te rm F i ,  so t h a t  we have a decay ing  sys tem.  We a g a i n  
use Eqs. ( 3 )  and ( 4 )  fo r  t h e  i n i t i a l  c o n d i t i o n s  a t  t = 0. Those 
c o n d i t i o n s  a r e  n o n t u r b u l e n t  and have a s i n g l e  l e n g t h  s c a l e .  By 
s o l v i n g  Eqs. ( 1 )  and ( 2 )  n u m e r i c a l l y  fo r  s e v e r a l  i n i t i a l  Reynolds 
We r e t u r n  t o  t h e  
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 number^,^ ave rag ing  vi over  space t o  g e t  as a f u n c t i o n  
o f  t ime,  and c a l c u l a t i n g  t h e  m i c r o s c a l e  X from1 
u .u  i i  
dui ui / d t  
9 X L - V  - (30) 
we o b t a i n  F i g .  19. The m i c r o s c a l e  i s  a measure of  t h e  s i z e  o f  t h e  
smal l  edd ies  i n  t h e  t u r b u l e n c e ,  and i s  d e f i n e d  by1 
sui aui ui ui 
ax, ax, X2 
--a-- (31)  
I n  F i g .  19 t h e  m i c r o s c a l e  i s  no rma l i zed  by i t s  i n i t i a l  v a l u e  
and p l o t t e d  a g a i n s t  d imens ion less  t i m e  f o r  seve ra l  i n i t i a l  Reynolds 
numbers. 
F i g .  19. A s  t h e  Reynolds number i nc reases ,  t h e  s m a l l - s c a l e  
s t r u c t u r e  becomes f i n e r .  The m i c r o s c a l e  decreases w i t h  i n c r e a s i n g  
t i m e  u n t i l  t h e  f l u c t u a t i o n  l e v e l  ( i n e r t i a l  e f f e c t )  i s  low enough 
so t h a t  v i s c o u s  f o r c e s  p r e v e n t  a f u r t h e r  decrease. A f t e r  X 
decreases t o  a minimum i t  beg ins  to  grow. ( R e s u l t s  for c o a r s e r  
and f i n e r  g r i d s  were n o t  q u a l i t a t i v e l y  d i f f e r e n t  from t h e s e . )  
i n c r e a s e  of X a t  l a t e r  t imes  i s  due t o  t h e  s e l e c t i v e  a n n i h i l a t i o n  
o f  edd ies  by v i s c o s i t y ,  t h e  smal l  edd ies  b e i n g  t h e  f i r s t  t o  go. 
Thus, a t  l a r g e  t imes,  o n l y  t h e  b i g  edd ies  remain .  I t  i s  t h i s  
p e r i o d  o f  i n c r e a s i n g  X ,  i n  which i n e r t i a l  ( t r a n s f e r )  and v i s c o u s  
e f f e c t s  i n t e r a c t ,  t h a t  i s  g e n e r a l l y  observed e x p e r i m e n t a l l y  i n  
g r i d -genera ted  t u r b u l e n c e  ( t u r b u l e n c e  observed downstream o f  a g r i d  
Note t h a t  no c l o s u r e  assumption has been made i n  o b t a i n i n g  
The 
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of w i r e s  or b a r s  whose p lane  i s  normal t o  t h e  f low i n  a wind 
tunne l  I .  The inc reases  o f  X w i t h  t i m e  observed exper imen ta l  l y l  
a r e  g e n e r a l l y  o f  t h e  same o r d e r  as those i n  F i g .  19 ( d o u b l i n g  t h e  
t i m e  i nc reases  X by a f a c t o r  o f  about  1 . 5 ) .  
The e a r l y  p e r i o d ,  i n  which X decreases w i th  t ime ,  i s  o f  
p a r t i c u l a r  i n t e r e s t  as i l l u s t r a t i v e  o f  interwavenumber energy 
t r a n s f e r .  I n  o r d e r  t o  genera te  the  smal l -sca  e s t r u c t u r e ,  
t u r b u l e n t  energy must be t r a n s f e r r e d  from b i g  edd ies  t o  smal l  ones. 
F i g u r e  20 shows the  c a l c u l a t e d  e v o l u t i o n  o f  mean-square v e l o c i t y  
- - -  
f l u c t u a t i o n s  
numbers. A s  the Reynolds number increases (V and initial l e n g t h  
s c a l e  x o  h e l d  c o n s t a n t ) ,  t h e  r a t e  o f  decay o f  u2 inc reases  
s h a r p l y ,  as i n  exper imen ta l  t u r b u l e n t  f lows.26 
a t t r i b u t e d  t o  t h e  n o n l i n e a r  e x c i t a t i o n  o f  sma l l - sca le  t u r b u l e n t  
f l u c t u a t i o n s  a t  t h e  h i g h e r  Reynolds numbers. The h i g h  shear 
s t r e s s e s  between t h e  smal l  edd ies  cause a r a p i d  decay. 
u2 = u i 2  = u22 = u32 fo r  a s e r i e s  o f  i n i t i a l  Reynolds 
- 
This can be 
B. Homogeneous t u r b u l e n c e  w i t h  a mean shear 
I n  o r d e r  t o  s t u d y  t h e  n a t u r e  o f  t u r b u l e n c e  w i t h  shear ,  we 
a g a i n  c o n s i d e r  t h e  s i m p l e s t  p o s s i b l e  case. C o n s i d e r i n g  t h e  
two-po in t  moment equa t ions  for U i U j  and fo r  t h e  p r e s s u r e - v e l o c i t y  
c o r r e l a t i o n s , 1 8  s p e c i a l i z i n g  those equa t ions  for homogeneous 
t u r b u l e n c e  w i t h  a u n i f o r m  shear,  c l o s i n g  the  system o f  e q u a t i o n s  by 
n e g l e c t i n g  t h e  t r i p l e - c o r r e l a t i o n  te rms,  and t a k i n g  t h e i r  F o u r i e r  
t r a n s f o r m s ,  we g e t  
- 
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where 'pij i s  t h e  Fourier trdnsforin o f  u . 1 1 '  g i v e n  bq 
1 j  
K i s  t h e  wavevector,  r i s  t h e  v e c t o r  f r o m  p o i n t  P t o  P I ,  ui 
i s  a f l u c t u a t i n g  v e l o c i t y  component, and dUl/dx2 i s  t h e  mean 
v e l o c i t y  g r a d i e n t  i n  shear.  S o l u t i o n  o f  Eq.  ( 32 )  for i n i t i a l l y  
i s o t r o p i c  t u r b u l e n c e  g i v e s ,  fo r  'p ii ' 
2 2 2 2  J0{", + [ I C ~  + a u l ( t  - to)] + u3) 
Qii = 2 2  
1 2 6  IC 
1 2 2  2 exp { - 2 v ( t  - tO) [u2  + au 1 2  u ( t  - to) + 3a c l ( t  - to) I )  
where a = dU l /dx2 ,  and J o  i s  a c o n s t a n t  de termined by t h e  
i n i t i a l  c o n d i t i o n s .  The s p e c t r a l  t r a n s f e r  t e rm i n  E q .  ( 32 )  i s ,  f o r  
V i i ,  u , a ( ~ i i / a u 2 d U l / d x 2 .  
F o u r i e r  space t o  g e t  
I f  we i n t e g r a t e  i t  ove r  a l l  d i r e c t i o n s  i n  
T i i  , we o b t a i n  the  d imens ion less  t r a n s f e r  
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t 
1 
spectrum for shear plotted in Fig. 21.  A s  required by Eq.  (23), 
the net area under each curve is zero, so that Tii gives zero 
contribution to the rate of change of 
energy from one part of wavenumber space to another. 
- 
UjUi, it can only transfer 
The curves in Fig. 21 are predominately negative for small 
wavenumbers and positive for large ones, so that, in general, 
energy is transferred from small wavenumbers to large ones. Thus, 
the effect here is similar to that of the transfer term due to 
triple correlations in Fig. 1 6 .  The transfer affects the shape of 
the energy spectra (not shown) by exciting the higher wavenumber 
regions of those spectra, as is the case for the transfer due to 
triple correlations in Fig. 15. 
A natural explanation of the transfer of energy to the high 
wavenumber regions by the mean velocity gradient would be that the 
velocity gradient stretches the vortex lines associated with the 
turbulence. This picture might also explain the small amount of 
reverse transfer shown in Fig. 21 for low wavenumbers at small 
velocity gradient 
compress, as well 
they are oriented 
tend to all be or 
, since the velocity gradient should be able to 
as stretch, the vortex lines depending on how 
For large gradients the vortex lines would 
ented the same way, such that they are all 
stretched; in that case there is no reverse transfer. The reverse 
transfer at small shear might explain why experiments sometimes 
show turbulence scales larger than those associated with the 
turbulence generators . z 7  
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An a l t e r n a t i v e  e x p l a n a t i o n  o f  the  energy t r a n s f e r  between 
wavenumbers would be t h a t  t he  l a r g e  edd ies  break  up i n t o  s m a l l e r  
ones. That mechanism seems t o  g i v e  a n a t u r a l  e x p l a n a t i o n  for t h e  
suddenness o f  t u r b u l e n t  m i x i n g  cons ide red  i n  s e c t i o n  V ,  b u t  may 
n o t  e a s i l y  e x p l a i n  t h e  r e v e r s e  t r a n s f e r  observed i n  f i g .  21. O f  
course ,  t h e r e  i s  no reason why t h e  s t r e t c h i n g  or compressing o f  
v o r t e x  l i n e s  c o u l d  n o t  be sudden. 
A s  i n  t h e  l a s t  s e c t i o n ,  we cons ide r  t u r b u l e n t  s o l u t i o n s  o f  
t h e  unaveraged Navier-Stokes equa t ions  i n  a t t e m p t i n g  to  show t h e  
a c t u a l  e f f e c t  on t u r b u l e n c e  o f  c e r t a i n  p rocesses .  Here we a g a i n  
s o l v e  n u m e r i c a l l y  Eqs. ( 1 )  and ( 2 )  w i t h o u t  t h e  f o r c i n g  te rm,  b u t  
t h i s  t ime  we impose a u n i f o r m  mean shear on t h e  t u r b u l e n c e .  
I n  F i g s .  22 and 23 we show t h e  e f f e c t  on homogeneous 
t u r b u l e n c e  o f  suddenly removing t h e  mean shear .  f i g u r e  22 shows 
t h a t  t h e  shear produces c o n s i d e r a b l e  a n i s o t r o p y ,  a l t h o u g h  i t  was 
i n i t i a l l y  i s o t r o p i c  a t  t = 0. Upon removal o f  t h e  mean shear t h e  
t u r b u l e n c e  q u i c k l y  r e t u r n s  t o  i s o t r o p y .  That i s ,  t h e  t h r e e  f 
- 
components o f  U i 2  q u i c k l y  e q u a l i z e .  The p r e s s u r e - v e l o c i  t y -  
g r a d i e n t  c o r r e l a t i o n s  i n  Eq. (18 )  a r e  thus  success fu l  i n  
t r a n s f e r r i n g  energy among the  v a r i o u s  d i r e c t i o n a l  components i n  
such a way t h a t  e q u a l i t y  o f  t h e  
e q u i v a l e n t  te rm i n  Eq. (321, t h e  l a s t  te rm p r o p o r t i o n a l  t o  
U i 2  i s  produced (see a l s o  t h e  
d U l / d x 2 ) .  We n o t e  t h a t  uz2 con t inues  t o  i n c r e a s e  f o r  a s h o r t  
t i m e  a f t e r  t h e  shear i s  removed, p r o b a b l y  because i t  r e c e i v e s  
a2 
i I 
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1. 
Figure 22. - Calculated approach to Isotropy of uniformly sheered twkrleme, upon sudden removal - 112 
of lhe shear. u i  xok = 1108. 323 ~ r l d  polnta. Sterred quantltles nondknensionallzed by xoand v. 
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- - 
energy from both u i 2  and u$. In addition t o  equalization o f  
- 
the three directional components of Ui2, removal of the mean 
shear is found t o  destroy the 
Figure 2 3  gives a compar 
and after removal of the mean 
small-scale structure in the 
- 
turbulent shear stress -pulu2. 
son of the evolution of u2 before 
shear. The mean shear produces a 
urbulence which disappears almost 
immediately when dUl/dxZ goes to zero, evidently because of the 
large fluctuating shear stresses between the small-scale eddies. 
Figure 2 3  shows, in a particularly graphic manner, the 
effectiveness of the mean-gradient transfer term clavi j/acZdU1 /dxz 
i n  Eq. (32) in producing small-scale turbulent structure. We first 
showed the existence of, and calculated, a mean-gradient transfer 
term almost three decades ago.l8 
graphic demonstration of the effectiveness of that term in 
The results shown here7 are a 
producing a small-scale structure in turbulence. 
b 
V .  THE SUDDENNESS OF TURBULENT MIXING 
I -  
- 
A fundamental q u e s t i o n  about the' n a t u r e  of t u r b u l e n c e  concerns 
how t u r b u l e n t  m i x i n g  takes p l a c e .  Here we c o n s i d e r  t h e  
instantaneous t u r b u l e n t  m i x i n g  which occu rs  i n  t h e  presence o f  
mean v e l o c i t y  and/or  temperature g r a d i e n t s .  
Consider f i r s t  t h e  e f f e c t  of  t u r b u l e n c e  on t h e  shear s t r e s s  
and /o r  hea t  t r a n s f e r .  To do t h a t ,  s p l i t  t h e  v e l o c i t y  and p r e s s u r e  
i n  Eq. ( 1 )  i n t o  mean and f l u c t u a t i n g  components (Reynolds 
decomposi t ion)  and t a k e  average va lues .  T h i s  g i v e s ,  for F i  = 0, 7 
t e r m  - p i  
- P U i  "k 
or Reyno 
e q u a t i o n  
- 
ncreases t h e  e f f e c t i v e  s t r e s s  and 
ds s t r e s s .  A s i m i l a r  o p e r a t i o n  on 
shows t h a t  t u r b u l e n c e  augments t h e  
where U i  and P a r e  mean q u a n t i t i e s  and t h e  u i  a r e  now 
f l u c t u a t i n g  components (6 = 0 ) .  ( I n  Eq. ( 1 )  t h e  U i  r e p r e s e n t e d  
mean p l u s  f l u c t u a t i n g  components.) Equat ion (35) has t h e  same form 
as Eq. (l), b u t  the  v i s c o u s  s t r e s s  pvaUi/axk i s  augmented by t h e  
Thus 
s c a l l e d  the t u r b u l e n t  
t h e  unaveraged energy  
hea t  t r a n s f e r  by t h e  
te rm -pCTUk, where 'I: i s  t h e  t u r b u l e n t  temperature f l u c t u a t i o n  
(T = 01, and C i s  t h e  s p e c i f i c  h e a t .  These o b s e r v a t i o n s  a p p l y  
- 
Uk, where t h e  ove rba r  des igna tes  an averaged v a l u e .  
- 
inhomogeneous. 
t u r b u l e n t  s t r e s s  
e c u l a r  s t r e s s  o b t a i n e d  i n  
We n o t e  t h a t  t h e  
corresponds e x a c t l y  w 
whether t h e  t u r b u l e n c e  i s  homogeneous or 
e x p r e s s i o n  fo r  the  
t h  t h a t  fo r  t h e  mo 
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the k i n e t i c  t h e o r y  o f  gases.28 I t  i s  o n l y  necessary t o  r e p l a c e  
t h e  macroscopic v e l o c i t i e s  i n  -pUjUk by m o l e c u l a r  v e l o c i t i e s .  A 
s i m  l a r  correspondence e x i s t s  i n  t h e  exp ress ions  f o r  t h e  t u r b u l e n t  
and mo lecu la r  hea t  t r a n s f e r .  
- 
L e t  us see what t h e  presence o f  t h e  t u r b u l e n t  s t r e s s  and h e a t  
t r a n s f e r  t e r m s  i n  t h e  equa t ions  for mean flow and hea t  t r a n s f e r  
i m p l i e s  about t h e  i ns tan taneous  t u r b u l e n t  m i x i n g .  I ns tan taneous  
m i x i n g  r e f e r s  here t o  t h e  m i x i n g  one would see i n  a snapshot taken 
a t  a p a r t i c u l a r  t i m e .  
Note f i rst what would happen i f  t h e  s p a t i a l  p a t t e r n  o f  
i ns tan taneous  t u r b u l e n t  m i x i n g  were  u n i f o r m ,  or n e a r l y  so. If 
t h a t  were t h e  case, a p o r t i o n  of f l u i d  as i t  moves t r a n s v e r s e l y  i n  
mean v e l o c i t y  and temperature g r a d i e n t s  (mean v e l o c i t y  i n  t h e  
x l - d i r e c t i o n )  would have a u n i f o r m  tendency (because o f  u n i f o r m  
m i x i n g )  t o  assume t h e  mean xl-momentum and temperature o f  t h e  
su r round ing  f l u i d  a t  each p o i n t  a l o n g  i t s  p a t h .  That tendency 
would i nc rease  w i t h  i n c r e a s i n g  t u r b u l e n c e  i n t e n s i t y  or Reynolds 
number, because sma l l - sca le  mot ions become e x c i t e d  w i t h  i n c r e a s i n g  
t u r b u l e n c e  i n t e n s i t y  ( s e e  S e c t i o n  IV), and so t h e  t u r b u l e n t  m i x i n g  
(average or i n s t a n t a n e o u s )  i n c r e a s e s .  (Note t h a t  t u r b u l e n t  m i x i n g  
takes p l a c e  most e f f i c i e n t l y  by sma l l - sca le  mo t ions ,  s i n c e  those 
p r o v i d e  the  most i n t i m a t e  c o n t a c t  of t h e  f l u i d  e n t e r i n g  a r e g i o n  
w i t h  t h a t  a l r e a d y  t h e r e . )  
Thus i f  the  i ns tan taneous  t u r b u l e n t  m i x i n g  were s p a t i a l l y  
u n i f o r m ,  the  tendency o f  a p o r t i o n  o f  f l u i d  to  assume t h e  mean 
. 
a7 
xl-momentum and temperature o f  the  su r round ing  f l u i d  a t  each p o i n t  
as i t  moves t r a n s v e r s e l y  would i nc rease  w i t h  i n c r e a s i n g  t u r b u l e n c e  
i n t e n s i t y .  That would, however, cause the  f l u c t u a t i o n s  from t h e  
mean, u l  and 7: i n  t h e  t u r b u l e n t  s t r e s s  p u i u j  and h e a t  t r a n s f e r  
p C ~ 7  t o  decrease i n  magnitude w i t h  i n c r e a s i n g  t u r b u l e n c e  
- 
i n t e n s i t y  or Reynolds number. The s t r e s s  component p u l 2  would 
then decrease. But t h a t  t r e n d  i s  unphys i ca l  and does n o t  o c c u r .  
I n  f a c t ,  as m i g h t  be expected, t h e  o p p o s i t e  t r e n d  o c c i i r s ;  as 
tu rbu lence  i n t e n s i t y  ( G / 3 ) l j 2  or Reynolds number i n c r e a s e s ,  
u12 inc reases .29  
- 
The ins tan taneous  t u r b u  e n t  m i x i n g  t h e r e f o r e  cannot be 
s p a t i a l l y  u n i f o r m ,  o r  n e a r l y  so, as assumed i n  o b t a i n i n g  t h e  above 
unphys ica l  t r e n d .  There mus be r e g i o n s  o f  r e l a t i v e  qu iescence 
i f  xl-momentum and hea t  a r e  t o  be t r a n s f e r r e d  t u r b u l e n t l y  a t  h i g h  
t u r b u l e n c e  i n t e n s i t i e s .  But i n  t h a t  case t h e r e  must a l s o  be r e g i o n s  
where t h e  i ns tan taneous  m i x i n g  i s  r e l a t i v e l y  i n t e n s e  and l o c a l i z e d ,  
s i n c e  t h a t  i s  t h e  o n l y  way t h e  average m i x i n g  c o u l d  be h i g h  f o r  
h i g h  t u r b u l e n c e  i n t e n s i t i e s ,  when r e g i o n s  o f  qu iescence are 
p r e s e n t .  So t h e  o n l y  s e n s i b l e  assumption about t h e  i ns tan taneous  
m i x i n g  i s  t h a t  i t  i s  smal l  except  i n  l o c a l i z e d  r e g i o n s ,  where i t  
i s  i n t e n s e .  Then t h e  above unphys ica l  t r e n d s  do n o t  o c c u r ,  s i n c e  
t h e  tendency o f  a p o r t i o n  o f  f l u i d ,  as i t  t r a v e l s  t r a n s v e r s e l y ,  to  
assume the  mean 
f l u i d  i s  sudden and i s  c o n f i n e d  t o  l o c a l i z e d  r e g i o n s .  Th is  i s  
p a r t i c u l a r l y  t r u e  f o r  h i g h  t u r b u l e n c e  i n t e n s i t i e s  o r  Reynolds 
xl-momentum and temperature of  t h e  s u r r o u n d i n g  
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numbers. There the  f l u c t u a t i o n s  r r o m  the  mean can be l a r g e  for  
most t i m e s  and s p a t i a l  p o s i t i o n s .  Thus, a l t h o u g h  f l u i d  t u r b u l e n c e  
occu rs  i n  a cont inuum, changes i n  the  momentum and tempera ture  o f  
a moving p o r t i o n  of f l u i d  tend  t o  be sudden and l o c a l i z e d .  
Our o b s e r v a t i o n  here  concern ing  the  suddenness o f  t u r b u l e n t  
m i x i n g  seems t o  be congruous w i t h  what we s a i d  i n  s e c t i o n  I V  about  
the  t r a n s f e r  o f  energy  between wavenumber bands t h a t  a r e  w i d e l y  
t h e  su r round ing  
on, t h a t  would 
a sudden breakup 
separa ted .  
f l u i d ,  as 
most l i k e  
Thus, i f  an eddy 
was found t o  occu r  
y ,  fo r  e f f i c i e n t  m 
or shattering o f  the large e 
o f  m i x i n g ,  w i t h  a consequent 
suddenly mixes w i t h  
i n  the  p r e s e n t  s e c t  
Xing, t ake  p l a c e  by 
dy into many smal le  ones a t  
t r a n s f e r  o f  energy from a sma 
wavenumber band t o  much l a r g e r  ones. A s  mentioned e a r l i e r  
t u r b u l e n t  m i x i n g  takes  p l a c e  most e f f i c i e n t l y  by smal l -sca  
he p o i n t  
1 
e 
mot ions ,  s i n c e  those p r o v i d e  t h e  most i n t i m a t e  c o n t a c t  o f  t h e  f l u i d  
e n t e r i n g  a r e g i o n  w i t h  t h a t  a l r e a d y  t h e r e .  Thus, t h e  t r a n s f e r  o f  
energy a s s o c i a t e d  w i t h  the  presence o f  mean g r a d i e n t s ,  l i k e  t h a t  
due t o  t u r b u l e n c e  s e l f - i n t e r a c t i o n ,  tends t o  take  p l a c e  between 
wavenumber bands t h a t  a r e  c o n s i d e r a b l y  separa ted .  
The l o c a l n e s s  Or- suddeness o f  the  t u r b u l e n t  t r a n s f e r  
cons ide red  i n  t h i s  s e c t i o n  a l s o  seems t o  be i n  agreement w i t h  t h e  
concept  o f  b u r s t i n g  coheren t  s t r u c t u r e s  i n  shear f low near a w a l l .  
Much work has r e c e n t l y  been done on t h a t  phenomenon.30 
A l though  o u r  purpose he re  i s  t o  cons ide r  the  n a t u r e  o f  
t u r b u l e n t  m i x i n g ,  r a t h e r  than  t o  l e n d  credence t o  any p a r t i c u l a r  
t 
89 
express ions  for t h e  t u r b u l e n t  shear s t r e s s  or hea t  t r a n s f e r ,  i t  i s  
o f  i n t e r e s t  t h a t  o u r  p r e s e n t  r e s u l t  i s  i n  agreement w i t h  an 
assumption o f  P r a n d t l  ' s  m i x i n g - l e n g t h  t h e 0 r y . 3 ~  
m i x i n g - l e n g t h  hypo thes i s  a c e r t a i n  suddenness i n  t h e  t u r b u l e n t  
m i x i n g  must occu r  f o r  t u r b u l e n t  t r a n s f e r  t o  take  p l a c e .  
Acco rd ing  t o  t h e  
The m i x i n g  
- 
l e n g t h  exp ress ions  for u l u 2  and TT a r e  
u1u2 = - u2Q2 < (36)  
and 
(37) - dT 
- 
TU2 = - u2Q2 z2 * 
where T i s  t h e  mean temperature and Q2 i s  an e f f e c t i v e  
t r a n s v e r s e  d i s t a n c e  a p o r t i o n  o f  f l u i d  moves b e f o r e  m i x i n g  w i t h  t h e  
f l u i d .  Thus, i f  the  m i x i n g  took p l a c e  c o n t i n u o u s l y ,  Q2 would be 
ze ro ,  and t h e  t u r b u l e n t  shear s t r e s s  and hea t  t r a n s f e r  would be 
z e r o .  
T h i s  leads us to a comparison between m i x i n g - l e n g t h  t h e o r y  and 
t h e  e lemen ta ry  k i n e t i c  t h e o r y  o f  m o l e c u l a r  t r a n s p o r t .  
l e n g t h  exp ress ions  g i v e n  by Eqs. (36) and (37)  a r e ,  i n  f a c t  v e r y  
s i m i l a r  t o  those o b t a i n e d  i n  t h e  e lemen ta ry  k i n e t i c  t heo ry .32  
The m ix ing -  
I t  
i s  o n l y  necessary t o  i d e n t i f y  t h e  macroscopic v e l o c i t i e s ,  temperatures,  
and l e n g t h s  i n  t h e  b a r r e d  q u a n t i t i e s  i n  Eqs. (36) and (37 )  w i t h  
m o l e c u l a r  q u a n t i t i e s  i n  k i n e t i c  t h e o r y  ( e . g . ,  w i t h  m o l e c u l a r  
v e l o c i t i e s  and f r e e  p a t h s ) .  I t  i s  o f  i n t e r e s t  t h a t  i t  was 
a p p a r e n t l y  k i n e t i c  t h e o r y  t h a t  o r i g i n a l l y  i n s p i r e d  t u r b u l e n t  
m i x i n g - l e n g t h  t h e o r y ;  t h e  m i x i n g  l e n g t h  was supposed by P r a n d t l  t o  
90 
be something l i k e  the  iiieatr f r e e  p a t h  i n  k i n e t i c  t h e o r y . 3 1  
t r a n s f e r  mechanisms for t h e  two types  of systems appear t o  be 
s i m i l a r .  A s  shown i n  t h i s  s e c t i o n ,  t u r b u l e n t  t r a n s f e r ' ,  l i k e  
encounters  between p a r t i c l e s ,  tends t o  be somewhat sudden. T h i s  
s i m i l a r i t y  occu rs  i n  s p i t e  o f  t h e  f a c t  t h a t  t u r b u l e n t  systems a r e  
cont inuous  and d i s s i p a t i v e ,  whereas p a r t i c l e  systems a r e  d i s c r e t e  
and c o n s e r v a t i v e .  However, p a r t i c l e  systems a r e  l i k e  t u r b u l e n t  
systems i n  t h a t  t h e y  a r e  n o n l i n e a r  and d i s p l a y  s e n s i t i v e  dependence 
on i n i t i a l  c o n d i t i o n s . 3 3  
The 
c 
I -  
V I .  CONCLUSION 
Navier-Stokes t u r b u l e n c e  i s  a c h a o t i c  phenomenon. Our 
long- te rm s o l u t i o n s  w i t h  s teady  f o r c i n g  show t h a t  t h e  c a l c u l a t e d  
t u r b u l e n c e  has a p o s i t i v e  Liapunov exponent, wh ich  i n  t u r n  means 
t h a t  i t  i s  s e n s i t i v e l y  dependent on i n i t i a l  c o n d i t i o n s .  
Turbulence h a s , f o r  a l o n g  t ime ,  been assumed t o  be random,l 
or a t  l e a s t  t o  have the  appearance o f  randomness. S e n s i t i v e  
dependence on i n i t i a l  c o n d i t i o n s  p r o v i d e s  an e x p l a n a t i o n  f o r  t h e  
occu r rence  of  apparent  randomness i n  t u r b u l e n c e .  B u t  i n  s p i t e  o f  
i t s  random appearance t u r b u l e n c e  has a d e t e r m i n i s t i c  element,  i n  
as much as the  Navier-Stokes equa t ions  wh ich  d e s c r i b e  i t  a r e  f u l l y  
d e t e r m i n i s t i c .  The phrase " d e t e r m i n i s t i c  chaos" m i g h t  t h e r e f o r e  
p r o v i d e  a f i t t i n g  d e s c r i p t i o n  f o r  t u r b u l e n c e .  
i s  t ime-dependent and random i n  appearance, o u r  s o l u t i o n s  show 
t h a t  i t  can form w i t h  no t ime-dependent or random i n p u t .  T h i s  
a g a i n  i s  a r e s u l t  o f  s e n s i t i v e  dependence o f  t h e  s o l u t i o n s  on  
i n i t i a l  c o n d i t i o n s .  
A l though  t u r b u l e n c e  
I t  may n o t ,  however, be a s u f f i c i e n t l y  complete d e s c r i p t i o n  o f  
t u r b u l e n c e  to  say t h a t  i t  i s  c h a o t i c .  Some of o u r  low-Reynolds- 
number flows have a p o s i t i v e  Liapunov exponent,  and thus  a r e  c h a o t i c ,  
b u t  t h e i r  P o i n c a r i  s e c t i o n s  show a p a t t e r n  i n  some o f  t h e i r  p a r t s .  
On t h e  o t h e r  hand, s o l u t i o n s  a t  somewhat h i g h e r  Reynolds numbers 
show a complete l a c k  of p a t t e r n .  Perhaps we shou ld  r e s e r v e  t h e  
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t e r m  " t u r b u l e n t "  f o r  f lows t h a t  have a p o s i t i v e  Liapunov exponent 
and, i n  a d d i t i o n ,  have Poincar6 s e c t i o n s  w i t h o u t  p a t t e r n .  
Turbulence i s  a l s o  a p e r i o d i c  o r  n o n p e r i o d i c .  A s  examples o f  
f l o w s  which c o n t r a s t  w i t h  t u r b u l e n c e ,  we were a b l e  t o  o b t a i n  some 
p e r i o d i c  and f i x e d - p o i n t  s o l u t i o n s .  Whereas t h e  f i x e d - p o i n t  ( i n  
phase space) flows a r e  t ime- independent,  and t h e  p e r i o d i c  flows 
a r e  c l o s e d  l i n e s  i n  phase space ( p o i n t s  on Poincarb s e c t i o n s ) ,  t h e  
t u r b u l e n t  flows a r e  t ime-dependent and f i l l  a p o r t i o n  o f  phase 
space. The t u r b u l e n t ,  p e r i o d i c ,  and f i x e d - p o i n t  f lows a r e  a l l  
a t t r a c t e d  t o  lower d imensional  r e g i o n s  o f  phase space c a l l e d  
a t t r a c t o r s .  The t u r b u l e n t  flows l i e  cn  s t range  or c h a o t i c  
a t t r a c t o r s .  
Another requ i remen t  t h a t  i s  o f t e n  g i v e n  f o r  f l o w s  t o  be 
t u r b u l e n t  i s  t h a t  t h e y  have n e g a t i v e  v e l o c i t y - d e r i v a t i v e  skewness 
f a c t o r s .  However, o u r  p e r i o d i c  and f i x e d - p o i n t  s o l u t i o n s  have 
skewness f a c t o r s  t h a t  do n o t  v a r y  g r e a t l y  from those fo r  t u r b u l e n t  
f lows. A n e g a t i v e  skewness f a c t o r  seems t o  be more an i n d i c a t i o n  
o f  n o n l i n e a r i t y  ( a l l  o f  ou r  f o r c e d  flows a r e  h i g h l y  n o n l i n e a r )  
t h a n  of  t u r b u l e n c e .  
By u s i n g  t h e  i ns tan taneous  Navier -Stokes equa t ions  fo r  
decaying t u r b u l e n c e ,  a s  w e l l  as t h e i r  co r respond ing  moment 
e q u a t i o n s ,  i t  i s  shown t h a t  t h e  energy i n  t u r b u l e n c e  moves between 
wavenumber bands, p r i m a r i l y  from low wavenumbers t o  h i g h e r  ones. 
That can occur  f o r  b o t h  homogeneous and inhomogeneous t u r b u l e n c e .  
The energy t r a n s f e r  can take  p l a c e  as a r e s u l t  o f  n o n l i n e a r  
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r e 1  a t e d  
m i  x i  ng 
r e g i o n s  
r e g i o n s  
s e l f - i n t e r a c t i o n  as w e l l  as o f  i n t e r a c t i o n  between t u r b u l e n c e  and 
mean g r a d i e n t s .  I n  b o t h  cases t h e  t r a n s f e r  t akes  p l a c e  p r i m a r i l y  
between wavenumbers t h a t  a r e  c o n s i d e r a b l y  separated,  r a t h e r  than  
between n e i g h b o r i n g  wavenumbers; t h e  energy o f t e n  jumps between 
Close1 y 
t u r b u l e n t  
n l o c a l i z e d  
q u i e s c e n t  
wavenumbers d i f f e r i n g  by about an o r d e r  of  magnitude. 
t o  these energy jumps i s  t h e  o b s e r v a t i o n  t h a t  
n t h e  presence o f  mean g r a d i e n t s  takes p l a c e  
where edd ies  s h a t t e r ,  separated by r e l a t i v e l y  
There i s  an i n t e r a c t i o n  between s p e c t r a l  energy t r a n s f e r  and 
d i s s i p a t i o n .  The former e x c i t e s  t h e  h i g h  wavenumber r e g i o n s  o f  t h e  
spectrum by t r a n s f e r r i n g  energy i n t o  them. That ,  i n  t u r n ,  i n c r e a s e s  
t h e  d i s s i p a t i o n  because of  t h e  h i g h  shear s t r e s s e s  between t h e  
sma l l - sca le  components. 
Also, energy t r a n s f e r  among d i r e c t i o n a l  components i s  produced 
by t h e  p ressu re  te rm i n  t h e  Navier-Stokes e q u a t i o n s .  That causes 
a r e t u r n  to  i s o t r o p y  o f  t u r b u l e n c e  which was i n i t i a l l y  I s o t r o p i c ,  
b u t  which had become a n i s o t r o p i c  i n  t h e  presence o f  mean shear .  
Navier-Stokes t u r b u l e n c e  and k i n e t i c - t h e o r y  systems a r e  
compared. I n  s p i t e  o f  t h e  f a c t  t h a t  t h e  two types  o f  systems a r e  
fundamenta l l y  d i f f e r e n t ,  t h e  fo rmer  b e i n g  con t inuous  and 
d i s s i p a t  ve, t h e  l a t t e r  b e i n g  d i s c r e t e  and c o n s e r v a t i v e  p a r t i c l e  
systems, t h e r e  a r e  e s s e n t i a l  s i m i l a r i t i e s .  Both t ypes  o f  systems 
a r e  nonl  near and d i s p l a y  s e n s i t i v e  dependence on i n i t i a l  
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conditions, and so are chaotic. A s  a result of  their chaoticity, 
both have a random appearance. Moreover, turbulent mixing in a 
continuous fluid and encounters between discrete particles are 
similar in that both show a certain suddenness o r  localness. 
However there does not seem t o  be anything in simple particle 
systems which is comparable t o  the energy cascades t o  small scales 
o f  motion which occur in turbulence. 
, 
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